Chapter 5

COMPLEX NUMBERS AND
QUADRATIC EQUATIONS

**Mathematics is the Queen of Sciences and Arithmetic is the Queen of
Mathematics. — GAUSS +*

5.1 Introduction

Inearlier classes, we have studied linear equationsin one
and two variablesand quadratic equationsin onevariable.
We have seen that the equation x> + 1 = 0 has no real
solution as x? + 1 = 0 gives X2 = — 1 and square of every
real number is non-negative. So, we need to extend the
real number system to a larger system so that we can
find the solution of the equation X =—1. Infact, themain
objectiveisto solve the equation ax? + bx + ¢ = 0, where
D =b?— 4ac <0, which is not possible in the system of
real numbers.

W. R. Hamilton
5.2 Complex Numbers (1805-1865)

Let us denote /—1 by the symbol i. Then, we have i*=-1. This means that i is a
solution of the equation x> + 1 = 0.
A number of theform a+ ib, where a and b are real numbers, is defined to be a

(-1
complex number. For example, 2 +i3, (1) + j/3, 471 [E] are complex numbers.

For the complex number z=a + ib, aiscalled thereal part, denoted by Re zand
biscalled theimaginary part denoted by Im z of the complex number z. For example,
ifz=2+i5thenRez=2andImz=5.

Two complex numbersz =a+ibandz,= c+idareequa if a=candb=d.
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98 MATHEMATICS

Example L If 4x +i(3x—y) =3 +i (- 6), where x and y are real numbers, then find
the values of x and y.

Solution We have
Ix+1i (3x—y)=3+i () - (1)
Equating the real and the imaginary parts of (1), we get
4x=3,3x—y=-6,
: N _ 3 33
which, on solving simultaneously, give X:Z and y=7.
5.3 Algebraof Complex Numbers
In this Section, we shall develop the algebra of complex numbers.

5.3.1 Addition of two complex numbers Let z =a+iband z, = ¢ + id be any two
complex numbers. Then, the sum z, + z, is defined as follows:

z +z,=(a+c)+i(b+d), whichisagainacomplex number.
For example, (2+i3) +(—6+i5)=(2-6)+i1(3+5)=—-4+1i8

The addition of complex numbers satisfy the following properties:

(i) The closure law The sum of two complex numbers is a complex
number, i.e., z, + z, is a complex number for all complex numbers
z, and z,.

(i) The commutative law For any two complex numbers z, and z,,
Z+2,=2+27

(i) The associative law For any three complex numbers z,, z,, z,,
(z+2)+2=2+(z*2).

(iv) The existence of additive identity There exists the complex number
0 + i O (denoted as 0), caled the additive identity or the zero complex
number, such that, for every complex number z, z+ 0=z

(v) The existence of additive inverse To every complex number
z=a + ib, we have the complex number —a + i(— b) (denoted as — 2),
called the additive inverse or negative of z. We observethat z+ (-2) = 0
(the additiveidentity).

5.3.2 Difference of two complex numbers Given any two complex numbers z, and
z, the difference z-2 is defined as follows:

2-2=2+(12)
For example, 6+3)—(2-)=(06+3)+(-2+i)=4+4i
and 2-1)—-(6+3)=2-)+(-6-3)=—-4-4
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COMPLEX NUMBERS AND QUADRATIC EQUATIONS 99

5.3.3 Multiplication of two complex numbersLet z =a+ibandz = c +id be any
two complex numbers. Then, the product z z, is defined as follows:
z,z,= (ac— bd) + i(ad + bc)
For example, (3+1i5) (2+i6) =(3x2—-5%x6)+i(3x6+5%x2)=-24+i28
Themultiplication of complex numbers possessesthefollowing properties, which
we state without proofs.
(i) Theclosurelaw Theproduct of two complex numbersisacomplex number,
the product z, z, is acomplex number for all complex numbers z, and z,.
(i) The commutative law For any two complex numbers z, and z,
22=27
(i) The associative law For any three complex numbers z, z,, z,
(z,2) 7,=2 (7 7).
(iv) Theexistenceof multiplicativeidentity There existsthe complex number
1+ 0 (denoted as 1), called the multiplicative identity such that z.1 = z,
for every complex number z.
(v) The existence of multiplicative inverse For every non-zero complex
number z=a + ib or a + bi(a # 0, b # 0), we have the complex number

a . b 1
+i 1 i o
202 b (denoted by . or z*), caled the multiplicativeinverse

of z such that

Z% =1 (themultiplicativeidentity).
(vi) Thedistributive law For any three complex numbers z, z,, z,,
@z (@z+z)=22+2z
b) @+2)z=22+27

5.3.4 Division of two complex numbers Given any two complex numbers z and z,
Z
where z, =0, the quotient Z—z is defined by

Z 1
A_, 2
Z Z

Forexample,let  z =6+ 3iand z =2

N PN | -
Then 2—2—[(6+3|) 2_ij:(6+3|) [22+(_1)2+|22+(_1)2]
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100 MATHEMATICS

= (6+3i)[2?+ij = :—5L|:12—3+i (6+6)] =é(9+12i)

5.3.5 Power of i we know that

== (-)i=-, i*=(?)=(-’=1
5 _(i2)2 2 6 (:2\3 3
i :(| ) i=(-1)%i=i, i :(| ) =(-1)" =-1, etc.
1
itV L [ I N
Also, we have T Tt 1
01 100 1
| ==—X=-===1, | :—:—:1
A R | i‘ 1

In general, for any integer k, i* =1, i%*1 =i j%+2=_] j%+3=_]j

5.3.6 The square roots of a negative real number
Notethat i?=-1and (—i)?=i2=-1
Therefore, the squareroots of —1 arei, —i. However, by the symbol /—71, we would

meani only.
Now, we can seethat i and —i both are the solutions of the equation x2+ 1 =0 or
X2 =-1.

Similarly (Jéi)z:(f%)2 2=3(-1)=-3
(i) = (<8 =

Therefore, the square roots of -3 are /3 i and —+/3i .
Again, the symbol /=3 ismeant to represent /3i only, i.e., /-3 = /3i.
Generally, if aisapositivereal number, J/—a =a -1 =+ai,

We already know that /ax~/b = /ap for all positivereal number aand b. This

result also holds true when eithera>0,b<0 ora<0, b>0. Whatif a<0, b<0?
Let us examine.

Note that
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COMPLEX NUMBERS AND QUADRATIC EQUATIONS 101

i2 =ﬁﬁ=m (by assuming +/a x+/b = /ab for al real numbers)
=1 =1, whichisacontradiction to the fact that i> =—1.
Therefore, \/ax+/b #+/ab if both a and b are negative real numbers.
Further, if any of aand b is zero, then, clearly, \/ax+/b =+/ab =0.
5.3.7 I dentities We prove the following identity
(z,+2,)" =22 + 22 + 27,2,, for all complex numbers z, and z,.

Proof Wehave, (z, +2z)*=(z+2)(z+2),
=(z+2)z+(z,+2)z (Distributivelaw)

= Z+22+22,+2 (Distributive | awy)
= Z2+732,+22,+2 (Commutativelaw of multiplication)
=7 +222,+7

Similarly, we can provethefollowing identities:
) (z-2)=74-222+2

(i) (z+2) =2+372+322+2

(i) (z-2) =2-322,+322 -7

V) Z-Z=(2+2)(a-2)
In fact, many other identitieswhich aretrue for al real numbers, can be proved
to be true for all complex numbers.

Example 2 Express the following in the form of a + bi:

0 (—5i)[§ij @ (1) (2) (—%if

Solution (i) (—Si)[%ij = %i =—(-1) = g: +i0

o) N4

3
o) (—i)(2i)(—%i) . 2><8X;><8><i5 =2_ée(i2)2 i=%i_

2018-19



102 MATHEMATICS

Example 3 Express (5 — 3i)%in the form a + ib.
Solution We have, (5—-3i)% = 5° -3 x 52x (3i) + 3x 5(3i)?2 - (3i)®
=125- 225i —135+27i =—-10-198i.

Example 4 Express (—\/§+\/—_2)(2\/§—i)in the form of a + ib

Solution We have, (—\/§+\/—72) (2\/§—i) = (—\/§+\/§i)(2\/§—i)
= 6+/3i + 246 —2i% = (-6+v2)+/3(1+ 2/2)i

5.4 TheModulusand the Conjugate of a Complex Number
Let z=a+ ib be acomplex number. Then, the modulus of z, denoted by | z|, is defined

to bethe non-negativereal number (/32 + b2 ,i.e.,|z|= /a2 +p? andthe conjugate
of z, denoted as 7, isthe complex number a— ib,i.e, 7 =a- ib.

For example, |3+ |=v32+22 =410, | 2-5/|=+/22+(-5)* =429,

and 3+i=3-j, 2-5i=2+5i, _3_-5=3i-5

Observe that the multiplicative inverse of the non-zero complex number z is
givenby

. 1 a ¥ —b a—ib Z
T a+ib ~ a®+b®> a*+b® ~ a?+b® ~ |z|2
_ 2
or z27=|z|

Furthermore, the following results can easily be derived.
For any two compex numbers z, and z, , we have

0 |zzl=|zllz @ ‘ ‘ | provided | z, | #0

- z\| 7
(i) zz,=212 (@iv) zl+22 zl+22(v) (z_):z_ provided z, # O.

2018-19



COMPLEX NUMBERS AND QUADRATIC EQUATIONS 103

Example 5 Find the multiplicative inverse of 2 — 3i.
Solution Letz=2- 3i
Then z=2+3iand | z[°=22+(-3)?=13
Therefore, themultiplicativeinverseof 2 —3j isgiven by
Z 2+3 2 3.

5= =—+—i
|z| 13 13 13

zt =

The above working can be reproduced in the following manner also,

1 2+3
T 2-3 (2-3)(2+3)

Z—l

2+3 2+3 2 Ei

T 22-(3)? 13 13 13
Example 6 Express the following in theform a + ib

. 5+~/2i iy
017 (1 J=x
- 5+V2i _5+V2i 142 _5+5/2i+/2-2
Solution (i) We have, N ENC TN 1_(\@)2

_ 3;6\é§i _30+2V2) _ 14243
+

2

S S
o =l

|[EXERCISE 5.1

Express each of the complex number given in the Exercises 1 to 10 in the
forma + ib.

. 3.
1. (W[‘g') 2. % 410 3.
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4. 3(7+i7)+i(7+i7) 5 (L—i)—(-1+i6)

el [l
B (@-iy 3 (%af . (_2_%i)3

Find the multiplicative inverse of each of the complex numbers given in the
Exercises 11 to 13.

11, 4-3i 12. \/§+3i 13. —i
14. Expressthefollowing expressionintheformof a+ib:
(3+iV5) (3-iV5)
(V3++2i)-(V3-iv2)

5.5 Argand Planeand Polar Representation

We aready know that corresponding to
each ordered pair of real numbers
(%, ), we get aunique point in the XY-
plane and vice-versawith referenceto a
set of mutually perpendicular linesknown
asthe x-axisand they-axis. The complex
number x +iy which correspondsto the
ordered pair (X, y) can be represented ® E (-5,-2) ®F(1,-2)
geometrically asthe unique point P(x, y)
in the XY-plane and vice-versa.

Some complex numbers such as
2+4i,-2+3i,0+1i,2+0i,-5-2i and
1 — 2i which correspond to the ordered
pairs (2, 4), (-2, 3), (0, 1), (2, 0), (-5, —2), and (1, — 2), respectively, have been
represented geometrically by the points A, B, C, D, E, and F, respectively in
theFig5.1.

The plane having a complex number assigned to each of its point is called the
complex plane or the Argand plane.

D(2,0)

Yl
Fig5.1

2018-19



COMPLEX NUMBERS AND QUADRATIC EQUATIONS 105

Obviously, in the Argand plane, the modulus of the complex number

X +iy = \/x? + y* isthe distance between the point P(x, y) and the origin O (0, 0)

(Fig 5.2). The points on the x-axis corresponds to the complex numbers of the form
a + i 0 and the points on the y-axis corresponds to the complex numbers of the form

Y
N
) P(x, y)
%9
<
X € o) >X
(0,0)
v Fig5.2
Y ig5.

0+i b. Thex-axisand y-axisin the Argand plane are called, respectively, thereal axis
and the imaginary axis.
The representation of a complex number z = x + iy and its conjugate
z=x—iyintheArgand plane are, respectively, the points P (x, y) and Q (X, — ).
Geometrically, the point (x, —y) isthe mirror image of the point (x, y) on thereal
axis(Fig5.3).

Y
A P(x,y)
X <€ 5 > X
\,, Q(x,—.}’)
Y
Fig5.3
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106 MATHEMATICS

5.5.1 Polar representation of a complex Y

number Let the point P represent the non- A P(z)
zero complex number z = x + iy. Let the b

directed line segment OP be of length r and )

6 be the angle which OP makes with the o 0 <
positive direction of x-axis (Fig 5.4). X< 0 >X

We may note that the point P is
uniquely determined by the ordered pair of
real numbers (r, 0), called the polar
coordinates of the point P. We consider
the origin as the pole and the positive
direction of the x axisastheinitia line. Fig5.4

We have, x=r cos 6, y=r sin 6 and therefore, z=r (cos® + i sin 6). The latter

v
Y

is said to be the polar form of the complex number. Here r=./x?+y? =|z| is the

modulus of zand 6 is called the argument (or amplitude) of zwhich isdenoted by arg z

For any complex number z # O, there corresponds only one value of 6 in
0< 6 < 2r. However, any other interval of length 2, for example—n < 6 <=, can be
such an interval .We shall take the value of 6 suchthat —n < 6 < =, called principal
argument of zand isdenoted by arg z, unless specified otherwise. (Figs. 5.5 and 5.6)

@) (ii) (iii) (iv)
Figs6(—T<0<m)
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COMPLEX NUMBERS AND QUADRATIC EQUATIONS 107

Example 7 Represent the complex number z=1+ iv/3 inthe polar form.
SolutionLet1=r cos®, /3 =rsin6
By squaring and adding, we get Y

P(1,43)
rz(cosze+sin26):4 A
ie, r = /4 =2 (conventionaly, r >0) X 0 X
1 T
Therefore, €0SO=—sin0 :ﬁ , Which gives 6 = —
2 2 3 Y’
Fig 5.7

mT .. T
Therefore, required polar formis z=2[cos§+|sm§j

The complex number z =1+i+/3 isrepresented as shown in Fig5.7.

-16
Example 8 Convert the complex number 14143 into polar form.

olution Theai | s -16 -16 xl—i\/i_*}
e en compliex num K =
ttion thegiv PEXNUMOS 34 iv3 T 1+1v3 1-iv/3

i ~16(1-i/3) : ~16(1-i3) = ~4(1-iv/3)=-4+i4J3 (Fig5.).

- 2
1—(i\/§) 1+3
Let —4=rc0s0, 4,/3 =rsind P(4,443) X
By squaring and adding, we get 0
16+48= r*(cos0 +sin’) % > X
which gives =64, ie, r=8
1 NE) ,
Hence cosf=-—, sn@® =— Y
2 2 Fig 5.8
6=n—£=é
3 3

) ) 2 . . 21
Thus, the required polar formis 8 COs—-+18n—=-
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108 MATHEMATICS

|[EXERCISE 5.2|

Find the modulus and the arguments of each of the complex numbers in
Exercises 1 to 2.

1. z=-1-i3 2. z2=—[3 +I

Convert each of the complex numbers given in Exercises 3 to 8 in the polar form:
3. 1-i 4. —1+i 5 —=1-i

6. -3 7. 3 +i 8.1

5.6 Quadratic Equations
We are already familiar with the quadratic equations and have solved them in the set

of real numbersin the cases where discriminant is non-negative, i.e., > 0,
L et usconsider thefollowing quadratic equation:

ax? + bx + ¢ = 0 with real coefficientsa, b, cand a # 0.

Also, let us assume that the b?—4ac < 0.

Now, we know that we can find the square root of negative real numbersin the
set of complex numbers. Therefore, the solutionsto the above equation areavailablein
the set of complex numbers which are given by

—b++/b? —4ac _ —b++/dac—b? i

2a 2a

At thispoint of time, somewould beinterested to know asto how many
roots does an equation have? In this regard, the following theorem known as the
Fundamental theorem of Algebra is stated below (without proof).

“A polynomial equation has at |east oneroot.”

As a consequence of this theorem, the following result, which is of immense
importance, isarrived at:

“A polynomial eguation of degree n has n roots.”

X =

Example 9 Solve x2+2=0
Solution We have, * +2=0

o X=—2ie,x=+t/-2 = +/2i
Example 10 Solve ¥+ x+ 1=0

Solution Here, ’—4ac=12-4x1x1=1—-4=-3
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~1+J/-3  -1+.3i

2x1 2

Therefore, the solutions are given by x =

Example 11 Solve \/5x% + x++/5=0

Solution Here, the discriminant of the equation is

—4x+5x+5 =1-20=-19
Therefore, the solutions are

—1+/-19  -1+:A19i

25 25
|EXERCISE 5.3|
Solve each of thefollowing equations:
1. x+3=0 2. 2¢+x+1=0 3. X+3x+9=0
4. —=x2+x-2=0 5 x2+3+5=0 6. X¥=x+2=0

7. J2x¥+x++2=0 8. J3x=/2x+3J/3=0

9 X+ X4 =0 10, X+ +1=0

NG 72

Miscellaneous Examples

(3-2))(2+3i)
Example 12 Find the conjugate of —(1+ 2)(2-i)

_ (3-2)(2+3)
Solution We have , —(1+ 2)(2-1)

6+9 —-4i+6 12+5| 4 3
2-i+4i+2  4+3 4 3i

_ 48-36i+20i+15 63-16i _ @ 16

16+9 - 25 25 25

(3-2)(2+3) _63_ 16,
Therefore, conjugate of m 25+§3| :
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110 MATHEMATICS

Example 13 Find the modulus and argument of the complex numbers:
1

i’ 1+i

01 (i1)

_ _ L+ 1+ 1+ 1-1+2i
Solution (i) We have, ——= rlx =1 2= =4
1-i 1-i 1+i 1+1
Now, let usput 0 =r cos 6, 1=rsn®
Squaring and adding, r2=1i.e., r =1 so that

cos0=0,sn6=1

T
Therefore, 0 = >

1+i
Hence, the modulus of r is1and the argument is % .

1 1-i 1-i 1

(i) Wehave 1757 yasi) 1+1 2 2

Let =rcosH,— - =rsné

N |-

2

0 =

Proceeding asin part (i) above, weget r =

Sl

i' cos i sin®
J2' J2!
—TT
0 =—
Therefore 2

1 1 -7
Hence, the modulus of Toi |s\/§,argument|s i

a+ib
Example 14 If x + iy = a_ib prove that X2 + y2 = 1.

Solution We have,

~_(atib)(a+ib) a*-b*+2abi az—b2+ 2ab
XTIW= (a-ib)(a+ib) = a2+b® ~ a’+b? a’+b?
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a’-b*>  2ab i
a’+b? a’+b?

Sothat, x— iy =
Therefore,

X2+ Y2 = (X + 1Y) (X—iy) = (az—b2)2+ 4a’b" = (a+b%)” =1
(@%+b%? (@%+b??  (a®+b?)?

Example 15 Find real 6 such that
w ispurely real.
1-2isinf

Solution We have,

3+2isin  (3+2isind) (1+ 2i sinb)
1-2isind ~ (1-2ising) 1+ 2isind)

_ 3+6isin0+2ising—4sin°0 _ 3-4sin’) 8 sind

1+4sin’0 "~ 1+4sin’0 1+4sin’
We are given the complex number to be real. Therefore
B0 Nne=0o
1+4sn%g ~ 1€ SNO=
Thus O0=nm,ne Z.
| —
Example 16 Convert the complex number Z=ﬁ in the polar form.
cos—+isin—
3 3
. i—1
Solution We have, z =
1 3.
—4+—i
2 2

_2i-1) 1-V3 2(i+v3-1443) 31 R

T 1443 1-43 1+3 2 2
\/§—1 \/§+l
2

=T Cc0osd,

=rsin@

Now, put
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Squaring and adding, we obtain

rz=(ﬁ—1]2+(\@+1]2: 2((@)2+1) -

= :2
2 2 4 4

J3-1 - J3+1

H - hich gi co=—=, SNi=——=
ence, r = /2 which gives NG NG

Therefore, 6= "+ =" (Why?)
4 6 12

Hence, the polar formis

J2 cosﬁﬂ sinE
12 12

Miscellaneous Exercise on Chapter 5

2573
. 1
1. Evaluate: [I18+[Tj ] )

2. For any two complex numbers z, and z,, prove that
Re(z,z) =Rez Rez —Imz Imz,

1 b 2 3-4
3. Reduce -4 1+ B+ i to the standard form .

. [a=ib 2 &+
—-\y=,[— X2+ =7
4. 1f X=1ly c_id provethat( yz) 2o

5. Convert thefollowing in the polar form:

: 1+_7'2 . 1+3i
Solve each of the equation in Exercises6to 9.

6. 3X2—4X+2—3?=O 7. x2—2x+g=0

8. 27x?-10x+1=0
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15.
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21x% - 28x+10=0

Ifz=2-i,z,=1+i,find 7 —2,+1]"
(x+i)>2 OE+D”
Ifa+ib= ol 1’ prove that &+ b*= (2x2+1)2'

Letz =2-i,z,=-2+i.Find

(i) e[ z | (i) 27 |
1+2i

Find the modulus and argument of the complex number 1-3°

Find the real numbersx and y if (x—iy) (3 + 5i) is the conjugate of —6 — 24i.

1+i 1-i

Find the modulus of ﬁ—m 2

u v
If (x + iy)® = u + iv, then show that ;+;=4(X2 -y?).

B—a

If o and B are different complex numberswith |B|=1, thenfind |1—qp

Find the number of non-zero integral solutions of the equation | 1—i |X =2%.
If (a+ib) (c+id) (e +if) (g +ih) =A +iB, then show that
(82 + 1) (€ + ) (& +F2) (g7 + ) = A? + B

m
1+i
If [:] =1 thenfind theleast positive integral value of m.
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Summary

¢ A number of the form a + ib, where a and b are real numbers, is caled a
complex number, ais called the real part and b is called the imaginary part
of the complex number.

¢letz =a+ibandz =c+id. Then

() z+2,=(a+0c)+i(b+d)
(i) 22 =(ac—bd)+i (ad + bc)

¢ For any non-zero complex number z=a + ib (a# 0, b # 0), there exists the

a . -b 1
+i = 1
complex number 2+ a+b’’ denoted by . or z*, called the

a® . -b
multiplicative inverse of z such that (a +ib) [a2+b2+la2+b2 =1+i0=1

¢ For any integer k, i* =1, i%*t=j j%*2=—1 j%*3=_]j

4 The conjugate of the complex number z=a + ib, denoted by Z , is given by
Z =a-ib.

@ The polar form of the complex number z=x + iy isr (cos® + i sinB), where

X
r=/x*+y? (themodulusof 2) and cosd = 7SN = %/ . (8 isknown asthe

argument of z. The value of 6, such that — < 6 <m, is caled the principal
argument of z
¢ A polynomial equation of n degree has n roots.

¢ The solutions of the quadratic equation ax? + bx + ¢ = 0, wherea, b, c € R,

b+ _h?i
a#0,b*—4ac <0, aegiven by x = b_;l;\/rbl _
a
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Historical Note

Thefact that square root of anegative number doesnot exist inthereal number
system was recognised by the Greeks. But the credit goes to the Indian
mathematician Mahavira (850) whofirs sated thisdifficulty dearly. “Hementions
inhiswork ‘ GanitasaraSangraha’ asinthenatureof thingsanegative (quantity)
isnot asquare (quantity)’, it has, therefore, no squareroot” . Bhaskara, another
Indian mathemeatician, asowritesin hiswork Bijaganita, writtenin 1150. “There
iSno squareroot of anegative quantity, for itisnot asquare.” Cardan (1545)
consdered the problem of solving

X +y =10, xy = 40.

Heobtainedx=5+ /15 andy= 5- ,/-15 asthesolution of it, which
wasdiscarded by him by saying that thesenumbersare’ usdess . Albert Girard
(about 1625) accepted squareroot of negative numbersand said that thiswill
enableusto get asmany roots asthe degree of the polynomial equation. Euler
wasthefirst to introduce the symbol i for ./—7 and W.R. Hamilton (about
1830) regarded the complex number a+ ib asan ordered pair of real numbers
(a, b) thusgivingit apurely mathematical definition and avoiding useof theso
called ‘imaginary numbers .

4

® —
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