Chapter 16

PROBABILITY

**Where a mathematical reasoning can be had, it is as great a folly to
make use of any other, as to grope for a thing in the dark, when
you have a candle in your hand. — JOHN ARBUTHNOT ¢¢

16.1 Introduction

In earlier classes, we studied about the concept of
probability as a measure of uncertainty of various
phenomenon. We have obtained the probability of getting

3 1
an even number in throwing a die as 6 i.e, 5 Here the

total possible outcomesare 1,2,3,4,5 and 6 (six in number).
The outcomes in favour of the event of ‘getting an even
number’ are 2,4,6 (i.e., three in number). In general, to
obtain the probability of an event, we find the ratio of the
number of outcomes favourable to the event, to the total
number of equally likely outcomes. Thistheory of probability K olmogor ov

is known as classical theory of probability. (1903-1987)

In Class I X, we learnt to find the probability on the basis of observations and
collected data. This is called statistical approach of probability.

Both the theories have some serious difficulties. For instance, these theories can
not be applied to the activities/experiments which have infinite number of outcomes. In
classical theory we assumeall the outcomesto beequally likely. Recall that the outcomes
are called equally likely when we have no reason to believe that one is more likely to
occur than the other. In other words, we assume that all outcomes have equal chance
(probability) to occur. Thus, to define probability, we used equally likely or equally
probable outcomes. Thisislogically not a correct definition. Thus, another theory of
probability was developed by A.N. Kolmogorov, a Russian mathematician, in 1933. He
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384 MATHEMATICS

laid down some axiomsto interpret probability, in hisbook * Foundation of Probability’
published in 1933. In this Chapter, we will study about this approach called axiomatic
approach of probability. To understand this approach we must know about few basic
terms viz. random experiment, sample space, events, etc. Let uslearn about these al,
inwhat follows next.

16.2 Random Experiments

In our day to day life, we perform many activities which have afixed result no matter
any number of timesthey arerepeated. For example given any triangle, without knowing
the three angles, we can definitely say that the sum of measure of anglesis 180°.

We also perform many experimental activities, wheretheresult may not be same,
when they are repeated under identical conditions. For example, when acoinistossed
it may turn up a head or a tail, but we are not sure which one of these results will
actually be obtained. Such experiments are called random experiments.

An experiment is called random experiment if it satisfies the following two
conditions:

(i) It has more than one possible outcome.
(i) Itisnot possibleto predict the outcome in advance.

Check whether the experiment of tossing a die is random or not?
Inthis chapter, we shall refer the random experiment by experiment only unless
stated otherwise.

16.2.1 Outcomes and sample space A possible result of a random experiment is
called its outcome.

Consider the experiment of rolling adie. The outcomes of thisexperiment are 1,
2,3,4,5, or 6, if weareinterested in the number of dots on the upper face of the die.

Theset of outcomes{1, 2, 3,4, 5, 6} iscalled the sampl e space of the experiment.

Thus, the set of all possible outcomes of arandom experiment iscalled the sample
space associated with the experiment. Sample space is denoted by the symbol S.

Each element of the sample spaceis called a sample point. In other words, each
outcome of the random experiment is also called sample point.

Let us now consider some examples.

Example 1 Two coins (a one rupee coin and atwo rupee coin) are tossed once. Find
a sample space.

Solution Clearly the coins are distinguishable in the sense that we can speak of the
first coin and the second coin. Since either coin can turn up Head (H) or Tail(T), the
possible outcomes may be
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Heads on both coins = (H,H) = HH

Head on first coin and Tail on the other = (H,T) = HT
Tail on first coin and Head on the other = (T,H) = TH
Tail on both coins=(T,T) =TT

Thus, the sample spaceis S={HH, HT, TH, TT}

The outcomes of this experiment are ordered pairs of H and T. For the
sake of simplicity the commas are omitted from the ordered pairs.

Example 2 Find the sample space associated with the experiment of rolling a pair of
dice (one is blue and the other red) once. Also, find the number of elements of this
sample space.

Solution Suppose 1 appears on blue die and 2 on the red die. We denote this outcome
by an ordered pair (1,2). Similarly, if * 3’ appearson bluedieand ‘5’ on red, the outcome
is denoted by the ordered pair (3,5).

In general each outcome can be denoted by the ordered pair (X, y), where x is
the number appeared on the blue die and y is the number appeared on the red die.
Therefore, this sample space is given by

S={(x, y): xisthe number on the blue die and y is the number on the red di€} .
The number of elements of this sample spaceis 6 x 6 = 36 and the sample space is
given below:

{(1.1),(1.2),(1,3),(14),(1,9), (1,6). (2.1), (2.2). (23), (2:4), (2,5), (2,6)
(3,1),(3,2),(3,3),(34),(35),(3,6),(4,1),(42),(43),(4,4),(45), (46)
(5.1),(5.2),(53),(54).(55).(5,6),(6.1),(6,2), (6,3), (6:4), (6,5), (6.6)}

Example 3 In each of the following experiments specify appropriate sample space

(i) Aboyhasalrupeecoin, a2 rupeecoinandab rupeecoinin hispocket. He
takes out two coins out of his pocket, one after the other.

(i) A person is noting down the number of accidents along a busy highway
during ayear.

Solution (i) Let Q denote a 1 rupee coin, H denotes a 2 rupee coin and R denotes a5
rupee coin. Thefirst coin he takes out of his pocket may be any one of the three coins
Q, H or R. Corresponding to Q, the second draw may be H or R. So the result of two
draws may be QH or QR. Similarly, corresponding to H, the second draw may be
QorR.

Therefore, the outcomes may be HQ or HR. Lastly, corresponding to R, the second
draw may be H or Q.

So, the outcomes may be RH or RQ.
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Thus, the sample space is S={ QH, OR, HQ, HR, RH, RQ}
(i) The number of accidents along a busy highway during the year of observation
can be either O (for no accident ) or 1 or 2, or some other positive integer.
Thus, a sample space associated with this experiment is S={0,1,2,...}

Example4 A coinistossed. If it shows head, we draw aball from abag consisting of
3 blue and 4 white balls; if it showstail we throw adie. Describe the sample space of
thisexperiment.

Solution Let usdenoteblueballsby B, B,, B, and thewhiteballsby W , W, W, W,.
Then a sample space of the experiment is

S={ HB, HB,, HB,, HW , HW,, HW,_, HW,, T1, T2, T3, T4, T5, T6}.
Here HB, means head on the coin and ball B, is drawn, HW, means head on the coin
and ball W isdrawn. Similarly, Ti meanstail on the coin and the number i on the die.

Example 5 Consider the experiment in which acoin is tossed repeatedly until ahead
comes up. Describe the sample space.

Solution In the experiment head may come up on thefirst toss, or the 2nd toss, or the
3rd toss and so on till head is obtained. Hence, the desired sample space is

S{H, TH, TTH, TTTH, TTTTH,...}

| EXERCISE 16.1]

In each of the following Exercises 1 to 7, describe the sample space for the indicated

experiment.

A coinistossed three times.

A dieisthrown two times.

A coinistossed four times.

A coinistossed and adieisthrown.

A coinistossed and then adieisrolled only in case ahead is shown on the coin.

2 boysand 2 girlsarein Room X, and 1 boy and 3 girlsin Room Y. Specify the

sample space for the experiment in which aroom is selected and then a person.

7. Onedieof red colour, one of white colour and one of blue colour are placedin a
bag. One dieis selected at random and rolled, its colour and the number on its
uppermost face is noted. Describe the sample space.

8. An experiment consists of recording boy—girl composition of families with 2
children.
(i) What isthe sample spaceif we areinterested in knowing whether it is a boy

or girl inthe order of their births?

ok whPRE
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(i) What isthe sample space if we are interested in the number of girlsin the
family?

9. Abox contains 1 red and 3 identical white balls. Two balls are drawn at random

in succession without replacement. Write the sample space for this experiment.

10. An experiment consists of tossing a coin and then throwing it second time if a
head occurs. If atail occurs on thefirst toss, then adieisrolled once. Find the
sample space.

11. Suppose 3 bulbs are selected at random from a lot. Each bulb is tested and
classified as defective (D) or non — defective(N). Write the sample space of this
experiment.

12. A coinistossed. If the out come isahead, adieisthrown. If the die shows up
an even number, the die is thrown again. What is the sample space for the
experiment?

13. Thenumbers1, 2, 3 and 4 are written separatly on four slips of paper. The slips
are put in a box and mixed thoroughly. A person draws two slips from the box,
one after the other, without replacement. Describe the sample space for the
experiment.

14.  Anexperiment consistsof rolling adie and then tossing acoin onceif the number
onthedieiseven. If the number onthedieisodd, the coin istossed twice. Write
the sample space for this experiment.

15. Acoinistossed. If it showsatail, wedraw aball from abox which contains2 red
and 3 black balls. If it shows head, wethrow adie. Find the sample spacefor this
experiment.

16. A dieisthrown repeatedly untill asix comes up. What is the sample space for
thisexperiment?

16.3 Event

We have studied about random experiment and sample space associated with an
experiment. The sample space serves as an universal set for all questions concerned
with the experiment.

Consider the experiment of tossing acoin two times. An associated sample space
isS={HH, HT, TH, TT}.

Now suppose that we are interested in those outcomes which correspond to the
occurrence of exactly one head. We find that HT and TH are the only elements of S
corresponding to the occurrence of this happening (event). These two elements form
theset E={ HT, TH}

We know that the set E is a subset of the sample space S. Similarly, we find the
following correspondence between events and subsets of S.
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Description of events Corresponding subset of ‘'S
Number of tailsisexactly 2 A={TT}

Number of tailsis atleast one B ={HT, TH, TT}
Number of heads is atmost one C={HT, TH, TT}

Second toss is not head D={HT,TT}

Number of tailsis atmost two S ={HH, HT, TH, TT}
Number of tailsis more than two 0

The above discussion suggests that a subset of sample space is associated with
an event and an event is associated with a subset of sample space. In the light of this
we define an event as follows.

Definition Any subset E of a sample space Sis called an event.

16.3.1 Occurrence of an event Consider the experiment of throwing a die. Let E
denotesthe event “ anumber lessthan 4 appears’. If actually ‘1’ had appeared on the
die then we say that event E has occurred. As a matter of fact if outcomes are 2 or 3,
we say that event E has occurred

Thus, the event E of a sample space Sis said to have occurred if the outcome
o of the experiment issuch that o € E. If the outcome » issuchthat o ¢ E, we say
that the event E has not occurred.

16.3.2 Typesof events Events can be classified into various types on the basis of the
elements they have.

1. Impossible and Sure Events The empty set ¢ and the sample space S describe
events. Infact ¢ iscaled animpossibleeventand S, i.e., thewhole sample spaceis
called the sure event.

To understand thesel et us consider the experiment of rolling adie. The associated
sample space is

S={1,2,3,4,5, 6}

Let E be the event “ the number appears on the die isamultiple of 7”. Can you
write the subset associated with the event E?

Clearly no outcome satisfies the condition given in the event, i.e., no element of
the sample space ensures the occurrence of the event E. Thus, we say that the empty
set only correspond to the event E. In other words we can say that it isimpossible to
haveamultipleof 7 onthe upper face of thedie. Thus, theevent E= ¢ isanimpossible

event.
Now let ustake up another event F “the number turnsup isodd or even”. Clearly
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F={1,23,4,5,6,} =S, i.e, al outcomes of the experiment ensure the occurrence of
the event F. Thus, the event F = Sis a sure event.

2. Simple Event If an event E has only one sample point of a sample space, it is
called a simple (or elementary) event.
In a sample space containing n distinct elements, there are exactly n simple
events.
For example in the experiment of tossing two coins, a sample spaceis
S={HH, HT, TH, TT}
There are four simple events corresponding to this sample space. These are
E,={HH}, E={HT}, E={ TH} and E={TT}.
3. Compound Event If an event has more than one sample point, it is called a
Compound event.
For example, in the experiment of “tossing a coin thrice” the events
E: ' Exactly one head appeared’
F: ‘Atleast one head appeared’
G: *Atmost one head appeared’ etc.
are al compound events. The subsets of S associated with these events are
E={HTT,THT, TTH}
F={HTT,THT, TTH, HHT, HTH, THH, HHH}
G={TTT, THT, HTT, TTH}
Each of the above subsets contain more than one sample point, hencethey areall
compound events.

16.3.3 Algebra of events In the Chapter on Sets, we have studied about different
ways of combining two or more sets, viz, union, intersection, difference, complement
of aset etc. Like-wise we can combinetwo or more events by using the anal ogous set
notations.

Let A, B, C be events associated with an experiment whose sample spaceis S.

1. Complementary Event For every event A, there corresponds another event
A’ called thecomplementary event toA. Itisalso called theevent ‘not A'.

For example, take the experiment ‘ of tossing three coins' . An associated sample
space is

S={HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

Let A={HTH, HHT, THH} be the event ‘only one tail appears

Clearly for the outcome HTT, the event A has not occurred. But we may say that
the event ‘not A’ has occurred. Thus, with every outcome which is not in A, we say
that ‘not A’ occurs.
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Thus the complementary event ‘not A’ to the event A is
A’ ={HHH, HTT, THT, TTH, TTT}

or A'={w:me Sand o A} =S-A.

2. The Event "A or B’ Recall that union of two sets A and B denoted by A U B
contains all those elements which are either in A or in B or in both.

When the sets A and B are two events associated with a sample space, then
‘AU B’ istheevent ‘either A or B or both’. Thisevent ‘A U B’ isalsocalled‘AorB’.
Therefore Event‘AorB'=A UB

={o:mwe Aor me B}
3. The Event ‘A and B" We know that intersection of two sets A N B is the set of
those elements which are common to both A and B. i.e., which belong to both
‘A and B'.
If A and B are two events, then the set A N B denotes the event ‘A and B’.
Thus, AnB={o:owe Aandw € B}

For example, in the experiment of ‘throwing a die twice’ Let A be the event

‘scoreonthefirst throw issix’ and B isthe event ‘ sum of two scoresisatleast 11’ then
A ={(6,2),(6,2),(6,3),(6,4), (6,5),(6,6)},and B={(5,6), (6,5), (6,6)}
so AnB={(65),(66)}
Notethat theset A N B ={(6,5), (6,6)} may represent the event ‘the score on thefirst
throw issix and the sum of the scoresis atleast 11'.
4. The Event ‘A but not B We know that A—B is the set of al those elements
which arein A but not in B. Therefore, the set A—B may denote the event ‘ A but not
B’ .We know that
A-B=ANB

Example 6 Consider the experiment of rolling adie. Let A be the event ‘getting a
prime number’, B be the event * getting an odd number’. Write the sets representing
theevents (i) Aor B (ii) A and B (iii) A but not B (iv) ‘notA’.
Solution Here  S={1,2,3,4,5,6},A={2,3,5} andB ={1, 3,5}
Obvioudy

(i) ‘AorB'=AuB={123 5

(i) ‘AandB’'=ANnB={35}

@iy ‘AbutnotB’ = A-B={2}

(iv) ‘not A'=A"={1,4,6}
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16.3.4 Mutually exclusive events In the experiment of rolling adie, asample spaceis
S={1, 2, 3,4,5, 6}. Consider events, A ‘an odd number appears and B ‘an even
number appears

Clearly the event A excludesthe event B and vice versa. In other words, thereis
no outcome which ensures the occurrence of events A and B simultaneously. Here

A={1,3,5 andB ={2,4, 6}

ClearlyAnB =0, i.e, A and B aredigoint sets.

In general, two events A and B are called mutually exclusive events if the
occurrence of any one of them excludes the occurrence of the other event, i.e., if they
can not occur simultaneously. In this case the setsA and B are digjoint.

Again in the experiment of rolling adie, consider the events A ‘an odd number
appears and event B ‘a number less than 4 appears

Obviously A={1,3,5} andB={1, 2, 3}
Now 3€ A aswellas3e B
Therefore, A and B are not mutually exclusive events.
Remark Simple events of a sample space are always mutually exclusive.
16.3.5 Exhaustive events Consider the experiment of throwing a die. We have
S={1,2,3,4,5,6}. Let usdefine thefollowing events

A: ‘anumber less than 4 appears,
B: ‘anumber greater than 2 but less than 5 appears
and C: "anumber greater than 4 appears .

ThenA={1,2,3},B={3,4} and C= {5, 6}. We observe that
AuBuUC={1,23uU{34 u{56} =S

Such eventsA, B and C are called exhaustive events. In general, if E.E,...E aen
events of a sample space S and if

n
EluEzuEe,u...uEn:_ulEi:S
i=

then E;, E,, ...., E, are caled exhaustive events.In other words, eventsE , E,, ..., E,
are said to be exhaustive if atleast one of them necessarily occurs whenever the
experiment is performed.

Further, if E n E =0 fori=j i.e,eventsE and E are pairwise disoint and

n
_ul E; =S, then events E.,E, .. E ae called mutually exclusive and exhaustive
=

events.
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We now consider some examples.

Example 7 Two dice are thrown and the sum of the numbers which come up on the
diceisnoted. Let us consider the following events associated with this experiment

A:‘thesumiseven'.

B: ‘thesumisamultipleof 3.
C: ‘thesumislessthan 4.

D: ‘the sum is greater than 11'.

Which pairs of these events are mutually exclusive?
Solution There are 36 elementsin the samplespace S={(x,y): x,y=1, 2, 3,4, 5, 6}.
Then
A={(11),(13),(15).(22),(2,4),(26),(31),(3,3).(3,5).,(42),(44),
(4,6),(51),(53),(59),(6,2),(6,4), (6 6)}
B={(12),(2.1),(15).(51),(3,3).(24).(42),.(36),(6,3).(45).(54),

(6, 6)}
C={(1,1),(2 1), (1,2} and D ={(6, 6)}

Wefind that

AnNnB={(1,5),(2,4),(3,3),(4,2),(5,1),(6,6)} =0
Therefore, A and B are not mutually exclusive events.
SmilaslyANnC#0,AnD=#¢,BNC=dpandB N D #0¢.

Thus, the pairs of events, (A, C), (A, D), (B, C), (B, D) are not mutually exclusive
events.

Also Cn D = ¢ and so C and D are mutually exclusive events.
Example 8 A coin istossed three times, consider the following events.

A: ‘No head appears’, B: ‘Exactly one head appears and C: ‘ Atleast two heads
appear’.
Do they form a set of mutually exclusive and exhaustive events?
Solution The sample space of the experiment is

S={HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}
and A={TTT},B={HTT, THT, TTH}, C={HHT, HTH, THH, HHH}
Now

AUBUC={TTT, HTT, THT, TTH, HHT, HTH, THH, HHH} =S
Therefore, A, B and C are exhaustive events.
Also, AnB=¢0,AnC=¢0andBnC=¢
Therefore, the events are pair-wise digoint, i.e., they are mutually exclusive.
Hence, A, B and C form a set of mutually exclusive and exhaustive events.
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| EXERCISE 16.2|

1. Adieisrolled. Let E bethe event “die shows 4" and F be the event “ die shows
even number”. Are E and F mutually exclusive?
2. Adieisthrown. Describe thefollowing events:

() A:anumber lessthan 7 (i) B:anumber greater than 7
(i) C:amultipleof 3 (iv) D:anumber lessthan 4
(v) E:aneven number greater than 4 (vi) F:anumber not lessthan 3

AlsofindAuB,AnB,BUC,ENFDNEA-C,D-E,EnF,F

3. An experiment involves rolling a pair of dice and recording the numbers that
come up. Describe the following events:
A: the sumis greater than 8, B: 2 occurs on either die
C: thesumisat least 7 and amultiple of 3.
Which pairs of these events are mutually exclusive?

4. Three coins are tossed once. Let A denote the event ‘three heads show”, B
denote the event “two heads and one tail show”, C denote the event” three tails
show and D denote the event ‘ a head shows on the first coin”. Which events are

(i) mutually exclusive?  (ii) simple? (iii) Compound?
5. Three coins are tossed. Describe

(i) Two eventswhich are mutually exclusive.
(i) Three eventswhich are mutually exclusive and exhaustive.
(i) Two events, which are not mutually exclusive.
(iv) Two eventswhich are mutually exclusive but not exhaustive.
(v) Threeeventswhich are mutually exclusive but not exhaustive.
6. Two dice are thrown. The events A, B and C are asfollows:

A getting an even number on thefirst die.
B: getting an odd number on thefirst die.
C: getting the sum of the numbers on the dice < 5.

Describe the events

(i) A’ (i) notB (i) AorB
(iv) AandB (v) AbutnotC (vi) BorC
(vi) BandC Vi) AnB' nC

7. Refer to question 6 above, state true or false: (give reason for your answer)
(i) A andB aremutually exclusive
(i) A and B aremutually exclusive and exhaustive
@iy A=B
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(iv) A and Caremutually exclusive
(v) A and B’ are mutually exclusive.
(vi) A’,B’, Caremutually exclusive and exhaustive.

16.4 AxiomaticApproach toProbability

In earlier sections, we have considered random experiments, sample space and
events associated with these experiments. In our day to day life we use many words
about the chances of occurrence of events. Probability theory attempts to quantify
these chances of occurrence or non occurrence of events.

In earlier classes, we have studied some methods of assigning probability to an
event associated with an experiment having known the number of total outcomes.

Axiomatic approach isanother way of describing probability of an event. Inthis
approach some axioms or rules are depicted to assign probabilities.

Let S be the sample space of a random experiment. The probability Pis areal
valued function whose domain is the power set of S and range is the interval [0,1]
satisfying thefollowing axioms

(i) ForanyeventE, P(E) >0 (i) P(§=1

(i) 1f E and F are mutually exclusive events, then P(E U F) = P(E) + P(F).

It follows from (iii) that P(¢) = O. To prove this, we take F = ¢ and note that E and ¢
aredigoint events. Therefore, from axiom (iii), we get

P(EuU®)=PE)+P(@)or PE)=PE)+P(d)ie P(d) =0.

Let S be a sample space containing outcomes ;, ®,,...,®,, I.€.,

S={o,0, .., 0}
It followsfrom the axiomatic definition of probability that
() 0<P(w)<1lforeachwe S
(i) P(w)+P(w)+..+P(w)=1
(i) For any event A, P(A) = ¥ P(w,), ® € A.

It may be noted that the singleton {®} is called elementary event and
for notational convenience, we write P(w, ) for P({w, }).

1
For example, in‘acointossing’ experiment we can assign the number o toeach

of the outcomes H and T.

ie P(H) = % and P(T) = é )

Clearly this assignment satisfies both the conditionsi.e., each number is neither
less than zero nor greater than 1 and
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N |-

P(H) + P(T) = +%:1

N~

1
Therefore, in this case we can say that probability of H = o and probability of T =

If wetake P(H) = % and P(T) = % - (2

Doesthis assignment satisfy the conditions of axiomatic approach?

1 3
Yes, inthis case, probability of H = n and probability of T = R

We find that both the assignments (1) and (2) are valid for probability of
HandT.

In fact, we can assign the numbers p and (1 — p) to both the outcomes such that
O<p<landPH)+PM=p+(1-p =1

This assignment, too, satisfies both conditions of the axiomatic approach of
probability. Hence, we can say that there are many ways (rather infinite) to assign
probabilities to outcomes of an experiment. We now consider some exampl es.

Example 9 Let a sample space be S = {w®,, ®,,..., ®}.Which of the following
assignments of probabilities to each outcome are valid?

Outcomes o, o, o0, o, 0O, O
1 1 1 1 1 1
@ % 6 6 6 6 6
(b) 1 0 0 0 0 0

1 2 1 1 1 1

© 8 3 3 3 "4 3
1 1 1 1 1 3
@ 2 1 s & & 2

(e) 01 02 03 04 05 06

Solution (&) Condition (i): Each of the number p(w,) is positive and |ess than one.
Condition (ii): Sum of probabilities
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Therefore, the assignment isvalid

(b) Condition (i): Each of the number p(®,) iseither O or 1.
Condition (ii) Sum of the probabilities=1+0+0+0+0+0=1
Therefore, the assignment isvalid

(c) Condition (i) Two of the probabilities p(m,) and p(w,) are negative, the assignment
isnot valid

3
(d) Sincep(w,) = 5 >1, theassignment isnot valid

(e) Since, sumof probabilities=0.1+0.2+0.3+0.4+0.5+0.6 = 2.1, theassignment
isnot valid.

16.4.1 Probability of an event Let Sbe asample space associated with the experiment
‘examining three consecutive pens produced by a machine and classified as Good
(non-defective) and bad (defective)’. We may get O, 1, 2 or 3 defective pens as result
of thisexamination.

A sample space associated with this experiment is

S={BBB, BBG, BGB, GBB, BGG, GBG GGB, GGG},
where B stands for a defective or bad pen and G for a non — defective or good pen.
L et the probabilities assigned to the outcomes be as follows
Samplepoint: BBB BBG BGB GBB BGG GBG GGB GGG

Pobeilin: Lo L 4l oo1 11
Hity: 8 8 8 8 8 8 8 s

Let event A: there is exactly one defective pen and event B: there are atleast two
defective pens.

Hence A ={BGG GBG, GGB} and B ={BBG, BGB, GBB, BBB}
Now P(A) = L P(o;),Vo, € A

= P(BGG) + P(GBG) + P(GGB) = —+~+

|~
®| -
0|

3
8

and P(B) = Y P(w), Vo, € B

N

1111 4
= P(BBG) + P(BGB) + P(GBB) + P(BBB) = o+ o+ + ==

Let us consider another experiment of ‘tossing a coin “twice”
The sample space of this experiment isS={HH, HT, TH, TT}
Let thefollowing probabilities be assigned to the outcomes
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1 1 2 9
P(HH) = 5, PHT) = 2, P(TH) = 2 A(TT) = ¢

Clearly this assignment satisfies the conditions of axiomatic approach. Now, let
us find the probability of the event E: ‘ Both the tosses yield the same result’.

Here E={HH, TT}
Now P(E) =X P(w), for all w € E
=P(HH) + P(TT) = 1+3=il
4 28 7
For the event F: ‘exactly two heads', we have F = { HH}

and P(F) = P(HH) = i

16.4.2 Probabilities of equally likely outcomes Let a sample space of an
experiment be

S={w, 0,.., 0}.
Let all the outcomes are equally likely to occur, i.e., the chance of occurrence of each
simple event must be same.

i.e P(w) =p, foral w € Swhere0< p<1
Since Y P)=lie,p+p+..+p(ntimes)=1
i=1
i
or np=1lie, p=

Let S be a sample space and E be an event, such that n(S) = nand n(E) = m. If
each out comeisequaly likely, thenit followsthat
m Number of outcomesfavourableto E

P(E)=— = :
) n Total possibleoutcomes

16.4.3 Probability of the event *A or B' Let us now find the probability of event
‘AorB’,i.e,P(AuUB)

Lete A={HHT,HTH, THH} and B ={HTH, THH, HHH} be two events associated
with ‘tossing of acoin thrice’

Clearly ~ AU B ={HHT, HTH, THH, HHH}
Now P (A U B) = P(HHT) + P(HTH) + P(THH) + P(HHH)
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If all the outcomesare equally likely, then

P(AUB)=1+1+1+E—E—1
8 8 8 8 8 2
3
Also P(A) = P(HHT) + P(HTH) + P(THH) = ¢
3
and P(B) = P(HTH) + P(THH) + P(HHH) = o

Theref P(A) + P(B —§+§—E
erefore P(A) ()—8 33
It isclear that P(AuB) = P(A) + P(B)

The points HTH and THH are common to both A and B. In the computation of
P(A) + P(B) the probabilities of points HTH and THH, i.e., the elements of A "B are
included twice. Thusto get the probability P(A _ B) we haveto subtract the probabilities
of the sample pointsin A n B from P(A) + P(B)
i.e P(AUB) = P(A)+P(B)->P(w),Vw, e ANB

= P(A)+P(B)-P(AnB)

Thus we observe that, P(A U B)=P(A) + P(B)-P(A nB)

In general, if A and B are any two events associated with arandom experiment,
then by the definition of probability of an event, we have

P(AUB)=Xp(w),Voe AUB.

Since AuB=(A-B)u(AnB)u(B-A),

we have

P(A UB) = [ZP( )V e (A-B)]+[ZP(@)Vwe ANB]+ [EP@)Va e B - A]
(because A-B, A n B and B —A are mutually exclusive) .. (1)

Also P(A)+P(B) =[X p(w) V@ € A]+[2X p(w) Vo € B]
= [ZP(w)Vo € (A-B)U (A NB)] + [XP(w )V € (B - A)U(A NB)]
= [ZP(wy )V € (A - B)]+[ZP(w)Vay € (A NB)]+ [ZP(w)Voy € (B-A)] +
[ZP(@)Vw e (ANB)]
P(AUB)+[XP(w)VweAnB] [using (1)]
P(AUB)+P(ANB).
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Hence P(A uUB)=P(A)+P(B) —-P(AnB).
Alternatively, it can also be proved as follows:
AuUB=AuU (B-A), whereA and B — A are mutually exclusive,
and B=(AnB)u (B-A), whereA n B and B —A are mutually exclusive.
Using Axiom (iii) of probability, we get
P(AuB)=P(A) +P(B-A) .. (2
and PB)=P(ANnB)+P((B-A) .. (3
Subtracting (3) from (2) gives
P(AuB)-PB)=PA)-P(ANB)
or P(AuUB)=PA)+P(B)-P(ANB)
The above result can further be verified by observing the Venn Diagram (Fig 16.1)

Fig 16.1

If A and B aredigoint sets, i.e., they are mutually exclusive events, thenA "B = ¢
Therefore PANB)=P(9)=0

Thus, for mutually exclusive events A and B, we have
P(AuB)=P(A)- P(B),
whichisAxiom (iii) of probability.
16.4.4 Prabability of event ‘not A’ Consider the event A = {2, 4, 6, 8} associated
with the experiment of drawing a card from a deck of ten cards numbered from
1to 10. Clearly the sample spaceisS={1, 2, 3, ...,10}
If dl theoutcomes, 2, ...,10 areconsidered to be equally likely, then the probability

1
of each outcomeis 10

2018-19



400 MATHEMATICS

Now P(A) = P(2) + P(4) + P(6) + P(8)
1 1 1 1 4 2
= —t—t—F+—=—==
10 10 10 10 10 5
Alsoevent ‘notA'= A" ={1,3,5,7,9, 10}

Now P(A") = P(1) + P(3) + P(5) + P(7) + P(9) + P(10)
_6_3
10 5

Thus, P(A) = g = 1—% =1-P(A)

Also, we know that A” and A are mutually exclusive and exhaustive eventsi.e.,
ANnA'=pandAUA" =S

or P(A UA) =P(S)
Now P(A) + P(A") = 1, by usingaxioms (ii) and (iii).
or P(a’) =P(notA) =1—-P(A)

We now consider some examples and exercises having equally likely outcomes
unless stated otherwise.

Example 10 Onecardisdrawn from awell shuffled deck of 52 cards. If each outcome
isequally likely, calcul ate the probability that the card will be
(i) adiamond (i) not an ace

(i) ablack card (i.e., aclubor,aspade) (iv) notadiamond

(v) not ablack card.
Solution When acard is drawn from awell shuffled deck of 52 cards, the number of
possible outcomesis 52.
(i) LetA betheevent 'the card drawn is a diamond'

Clearly the number of elementsin set Ais13.

13 1
Therefore, P(A) = 0 a

1
i.e. probability of adiamond card = Z

(i) We assume that the event ‘Card drawn is an ace’ is B
Therefore ‘Card drawn is not an ace’ should be B’.

We know that P(B)) = 1 — P(B) = 1-—=1- L 12
eknowthat PB)=1- PB) = 5= 13713
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(ii) Let C denote the event ‘card drawn is black card’
Therefore, number of elementsin the set C = 26

. 26 1
i.e P(C)Zazz

1
Thus, probability of ablack card = 5

(iv) Weassumed in (i) abovethat A isthe event ‘card drawn isadiamond’,
so the event ‘ card drawn is not a diamond’ may be denoted asA' or ‘not A’

1 3
Now P(not A) =1 — P(A) = 1_Z=Z

(v) Theevent ‘card drawn is not a black card’ may be denoted as C" or ‘not C'.

1 1
We know that P(not C) =1 - P(C) = 1—E ~

1
Therefore, probability of not ablack card = >

Example 11 A bag contains 9 discs of which 4 are red, 3 are blue and 2 are yellow.
The discs are similar in shape and size. A disc is drawn at random from the bag.
Calculate the probability that it will be (i) red, (ii) yellow, (iii) blue, (iv) not blue,
(v) either red or blue.

Solution Thereare 9 discsin all so the total number of possible outcomesis 9.
Let the events A, B, C be defined as

A: ‘thedisc drawnisred
B: ‘thedisc drawnisyellow’
C: ‘thedisc drawn isblue'.
(i) Thenumber of red discs=4,i.e,n(A) =4
Hence P(A) = g

(i) The number of yellow discs=2,i.e,n(B) =2

2
Therefore, P(B) = 9
(iii) Thenumber of bluediscs=3,i.e, n(C) =3
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wlrF

3
Therefore, P(C) = §=
(iv) Clearly the event ‘not blue' is‘not C'. We know that P(not C) =1 — P(C)

1 2
Therefore  P(not C) = 1—§=§

(v) Theevent ‘either red or blue' may be described by the set ‘A or C
Since, A and C are mutually exclusive events, we have
7

P(AorC)= P(A U C)=P(A) +PC) = 3%25

Example 12 Two studentsAnil and Ashimaappeared in an examination. The probability
that Anil will qualify theexaminationis0.05 and that Ashimawill qualify theexamination
is 0.10. The probability that both will qualify the examination is 0.02. Find the
probability that

(@) BothAnil and Ashimawill not qualify the examination.

(b) Atleast one of them will not qualify the examination and
(c) Only oneof themwill qualify the examination.

Solution Let E and F denotethe eventsthat Anil and Ashimawill qualify theexamination,
respectively. Given that

P(E) = 0.05, P(F) = 0.10 and P(E N F) = 0.02.
Then
(@) The event ‘both Anil and Ashima will not qualify the examination’ may be
expressedas E N F.
Since, E” is‘not E', i.e., Anil will not qualify the examination and F~ is‘not F, i.e.,
Ashimawill not qualify the examination.
Also E' nF =(EuF) (by Demorgan's Law)
Now  PEUF)=PE)+PF) - PENF)
or P(Eu F)=0.05+0.10— 0.02=0.13
Therefore P(E' "F)=PEUF) =1- PEUF)=1- 0.13=0.87

(b) P (atleast one of them will not qualify)
= 1— P(both of them will qualify)
=1- 0.02=0.98
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(c) The event only one of them will qualify the examination is same as the event
either (Anil will qudify, and Ashimawill not quaify) or (Anil will not qualify and Ashima
will qualify)i.e, ENF or E nF,whereEn F and E* N F are mutually exclusive.

Therefore, P(only oneof themwill qualify) =P(ENF or E N F)
=PENF)+PE NP =P(E) -PENF) +PF) -PENF)
=0.05-0.02+0.10-0.02=0.11

Example 13 A committee of two personsis selected from two men and two women.
What isthe probability that the committee will have (a) no man? (b) one man?(c) two
men?

Solution The total number of persons =2 + 2 = 4. Out of these four person, two can

be selected in “C, ways.

(8 Nomeninthecommitteeof two meanstherewill betwowomen inthe committee.
Out of two women, two can be selected in *C, =1 way.

’C, _1x2x1_1

Therefore  P(no man)=,—%=
C, 4x3 6

(b) One man in the committee means that there is one woman. One man out of 2

can be selected in >C, ways and one woman out of 2 can be selected in *C, ways.
Together they can be selected in 2C, x *C, ways.

’C,x’C, _2x2 2

P(Oneman)= = ——
Therefore ( ) 402 %3 3

(c) Two men can be selected in 2C, way.

’c, 1

4C2 4C2

Hence P(Two men) =

| EXERCI SE 16.3|

1. Which of thefollowing can not be valid assignment of probabilitiesfor outcomes

of sample Space S = {w;, ®,, 05, 0, 05, 05, O }
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Assignment ®

N

10.

MATHEMATICS

N ® o, ®

(a) 01 001 005 0.03 0.01 0.2 0.6

1 1 1 1 1 1 1

©ow 7 7 7 7 7 7 3

(c) 01 02 0.3 04 05 0.6 0.7
(d) -01 02 0.3 04 -02 0.1 0.3

1 2 3 4 5 6 15

© 14 14 14 14 14 14 14
A coinistossed twice, what is the probability that atleast one tail occurs?
A dieisthrown, find the probability of following events:

(i) A primenumber will appear,

(i) A number greater than or equal to 3 will appear,
(i) A number lessthan or equal to one will appear,
(iv) A number more than 6 will appear,

(V) A number lessthan 6 will appear.

A card is selected from a pack of 52 cards.
(8 How many points are there in the sample space?

(b) Calculate the probability that the card is an ace of spades.
(c) Calculate the probability that the card is (i) an ace (ii) black card.

A fair coin with 1 marked on one face and 6 on the other and afair die are both
tossed. find the probability that the sum of numbersthat turnupis(i) 3 (ii) 12
There are four men and six women on the city council. If one council member is
selected for acommittee at random, how likely isit that it isawoman?
A fair coin istossed four times, and a person win Re 1 for each head and lose
Rs 1.50 for each tail that turns up.
From the sample space cal cul ate how many different amounts of money you can
have after four tosses and the probability of having each of these amounts.
Three coins are tossed once. Find the probability of getting

(i) 3heads (i) 2 heads (i) atleast 2 heads
(iv) atmost 2 heads (v) no head (vi) 3tails
(vii) exactly twotails (viii) notall (ixX) atmost twotails

2
If 1 isthe probability of an event, what isthe probability of the event ‘not A'.

A letter is chosen at random from the word ‘ASSASSINATION’. Find the
probability that letter is (i) avowel (ii) aconsonant
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PROBABILITY 405

Inalottery, aperson chosessix different natural numbersat random from 1 to 20,
and if these six numbers match with the six numbers already fixed by the lottery
committee, he winsthe prize. What isthe probability of winning the prizein the
game? [Hint order of the numbersis not important.]
Check whether thefollowing probabilities P(A) and P(B) are consistently defined
(i) P(A)=05, PB)=0.7, PPANB) =06
(i) P(A)=05PB)=04,PAuUB)=08
Fill intheblanksinfollowing table:

P(A) P(B) P(ANB) P(A U B)
. 1 1 1
M 3 5 15
(i) 035 0.25 0.6
(i) 05 0.35 0.7

3 1
GivenP(A) = 5 andP(B) = 5 Find P(A or B), if A and B are mutually exclusive

events.

1 1 1
If E and F are events such that P(E) = 7 P(F) = > and P(Eand F) = g,find

(i) P(Eor F), (ii) P(not E and not F).

Events E and F are such that P(not E or not F) = 0.25, State whether E and F are
mutually exclusive.

A and B are events such that P(A) = 0.42, P(B) = 0.48 and P(A and B) = 0.16.
Determine (i) P(not A), (ii) P(not B) and (iii) P(A or B)

In Class XI of aschool 40% of the students study Mathematics and 30% study
Biology. 10% of the class study both Mathematics and Biology. If a student is
selected at random from the class, find the probability that he will be studying
Mathematicsor Biology.

In an entrancetest that isgraded on the basi s of two examinations, the probability
of arandomly chosen student passing thefirst examination is0.8 and the probability
of passing the second examinationis0.7. The probability of passing atleast one of
them is0.95. What isthe probability of passing both?

The probability that astudent will passthe final examination in both English and
Hindi is 0.5 and the probability of passing neither is 0.1. If the probability of
passing the English examination is 0.75, what is the probability of passing the
Hindi examination?
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21. Inaclassof 60 students, 30 opted for NCC, 32 opted for NSS and 24 opted for
both NCC and NSS. If one of these students is selected at random, find the
probability that

(i) The student opted for NCC or NSS.
(i) The student has opted neither NCC nor NSS.
(i)  The student has opted NSS but not NCC.

Miscellaneous Examples
Example 14 On her vacations Veena visits four cities (A, B, C and D) in arandom
order. What isthe probability that she visits
(i) A beforeB? (i) A before B and B before C?
@) AfirstandBlast? (iv) A either first or second?
(v) A just before B?
Solution The number of arrangements (orders) in which Veenacan visit four citiesA,
B, C,or Dis4! i.e, 24.Therefore, n (S) = 24.
Since the number of elementsin the sample space of the experiment is 24 all of these
outcomes are considered to be equally likely. A sample space for the
experimentis
S ={ABCD, ABDC, ACBD, ACDB, ADBC, ADCB
BACD, BADC, BDAC, BDCA, BCAD, BCDA
CABD, CADB, CBDA, CBAD, CDAB, CDBA
DABC, DACB, DBCA, DBAC, DCAB, DCBA}
(i) Lettheevent ‘shevisitsA before B’ be denoted by E

Therefore, E = { ABCD, CABD, DABC, ABDC, CADB, DACB
ACBD, ACDB, ADBC, CDAB, DCAB, ADCB}

s PE R -as

(i) Let the event ‘Veenavisits A before B and B before C' be denoted by F.
Here F ={ABCD, DABC, ABDC, ADBC}

n(F) 4 1
P F ==
Therefore, (F) n(S) 24 6

Students are advised to find the probability in case of (iii), (iv) and (v).
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Example 15 Find the probability that when a hand of 7 cards is drawn from a well
shuffled deck of 52 cards, it contains (i) all Kings (ii) 3Kings (iii) atleast 3 Kings.

Solution Total number of possible hands = >*C,

(i) Number of hands with 4 Kings = “C, x ®C, (other 3 cards must be chosen
from the rest 48 cards)
‘c,x®c, 1
2C, 7735

Hence P (ahand will have 4 Kings) =

(ii) Number of hands with 3 Kings and 4 non-King cards = *C,x “C,
‘C,x®Cc, 9
2C, 1547
(i) P(atleast 3 King) = P(3Kingsor 4 Kings)
= P(3 Kings) + P(4 Kings)
9 o 1 46
1547 7735 7735

Therefore P (3 Kings) =

Example 16 If A, B, C are three events associated with a random experiment,
prove that

P(AUBUC) = P(A)+P(B)+P(C)-P(AnB)-P(ANC)
-P(BNC)+P(ANnBNC)

Solution Consider E = B u C s0 that
PAuBUC)=PAUE)

= P(A)+P(E)-P(A NE) - (D
Now
P(E)=P(BuC)
=P(B)+P(C)-P(BNC) .. (2
Alo ANE=AnN(BUC) = (AnB)U(ANC)[using distribution property of
intersection of sets over the union]. Thus

P(ANE)=P(ANB)+P(ANC)- P[(AnB)n(ANC)]
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= P(ANB)+P(ANC) — P[ANBNC] .. (3
Using (2) and (3) in (1), we get
P[AuUBUC]=P(A)+P(B)+P(C)-P(BNC)
- P(AnB)-P(ANC)+P(ANBNC)

Example 17 In arelay race there are five teams A, B, C, D and E.

(@) What is the probability that A, B and C finish first, second and third,
respectively.

(b) What istheprobability that A, B and C arefirst threeto finish (in any order)
(Assumethat all finishing ordersare equally likely)

Solution If we consider the sample space consisting of al finishing ordersin the first

51
three places, wewill have °P,, i.e., (5-3) =5x 4 x 3= 60 sample points, each with

. 1
aprobability of 50"

(@ A,BandCfinisnhfirst, second and third, respectively. Thereisonly onefinishing
order for this, i.e., ABC.

1
ThusP(A, B and C finish first, second and third respectively) = 0"

(b) A, BandC arethefirst three finishers. There will be 3! arrangements for A, B
and C. Therefore, the sample points corresponding to this event will be 3! in
number.

3 6 1
So P(A, B and C arefirst three to finish) :@:@:E

Miscellaneous Exercise on Chapter 16

1. A box contains 10 red marbles, 20 blue marbles and 30 green marbles. 5 marbles
are drawn from the box, what is the probability that
(i) al will beblue? (ii) atleast onewill be green?

2. 4cardsaredrawnfrom awell —shuffled deck of 52 cards. What isthe probability
of obtaining 3 diamonds and one spade?
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A die has two faces each with number ‘1’ , three faces each with number ‘2’ and
one face with number ‘3. If dieisrolled once, determine

(i) P(2) (ii) P(1 or 3) (iii) P(not 3)

In a certain lottery 10,000 tickets are sold and ten equal prizes are awarded.
What is the probahility of not getting a prize if you buy (a) oneticket (b) two
tickets (c) 10 tickets.

Out of 100 students, two sections of 40 and 60 are formed. If you and your friend
are among the 100 students, what is the probability that

(a) you both enter the same section?

(b) you both enter the different sections?

Three |etters are dictated to three persons and an envelope is addressed to each
of them, thelettersareinserted into the envel opes at random so that each envel ope
contains exactly one letter. Find the probability that at least one letter isin its
proper envel ope.

A and B are two events such that P(A) = 0.54, P(B) = 0.69 and P(A N B) = 0.35.
Find (i) P(A U B) (i) P(A" N B") (iii)P(ANB") (iv)PBNA")

From the employees of a company, 5 persons are selected to represent them in
the managing committee of the company. Particulars of five personsareasfollows:

S. No. Name Sex Age in years
1 Harish M 30
2. Rohan M 3
3. Sheeta F 46
4. Alis F 28
5. Sdim M 41

A person is selected at random from this group to act as a spokesperson. What is
the probability that the spokesperson will be either male or over 35 years?

If 4-digit numbers greater than 5,000 are randomly formed from the digits
0,1, 3,5, and 7, what isthe probability of forming anumber divisible by 5when,
(i) the digits are repeated? (ii) therepetition of digitsisnot allowed?

The number lock of a suitcase has 4 wheels, each labelled with ten digitsi.e,,

from 0to 9. Thelock openswith a sequence of four digits with no repeats. What
isthe probability of a person getting the right sequence to open the suitcase?
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Summary
Inthis Chapter, we studied about the axiomatic approach of probability. Themain
features of this Chapter are as follows:
@ Sample space: The set of all possible outcomes
¢ Sample points: Elements of sample space
@ Event: A subset of the sample space
@ Impossible event : The empty set
¢ Sure event: The whole sample space
¢ Complementary event or ‘not event’ : Theset A" or S— A
¢ EventA or B: Theset A U B
¢ Event A andB: ThesetA N B
¢ Event A and not B: Theset A —B
¢ Mutually exclusive event: A and B are mutually exclusiveif AN B = ¢

¢ Exhaustive and mutually exclusive events: EventskE , E,...., E are mutually
exclusive and exhaustiveif EE WE, U ...UE =SandE NE=¢ ¥i#]

# Probability: Number P (w,) associated with sample point @, such that
() 0<P(0) <1 (i) Y P(w) foralme s=1

i) P(A)= Y P(w;)foral o e A.Thenumber P(w) iscaled probability
of the outcome w..
¢ Equally likely outcomes: All outcomes with equal probability
 Probability of an event: For afinite sample space with equally likely outcomes

Probability of an event P(A) :%, where n(A) = number of elementsin
the set A, n(S) = number of elementsin the set S.
¢ If A and B are any two events, then
P(A or B) = P(A) + P(B) — P(A and B)
equivalently, P(A u B) = P(A) + P(B) — P(A N B)
¢ If A and B are mutually exclusive, then P(A or B) = P(A) + P(B)

¢ If Alisany event, then
P(not A) =1 -P(A)
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Historical Note

Probability theory like many other branches of mathematics, evolved out of
practical consideration. It had itsoriginin the 16th century when an Italian physician
and mathemati cian Jerome Cardan (1501-1576) wrote thefirst book on the subject
“Book on Games of Chance” (Biber de Ludo Aleae). It was published in 1663
after his death.

In 1654, agambler Chevalier de Metre approached the well known French
Philosopher and Mathematician Blaise Pascal (1623-1662) for certain dice
problem. Pascal became interested in these problems and discussed with famous
French Mathematician Pierre de Fermat (1601-1665). Both Pascal and Fermat
solved the problem independently. Besides, Pascal and Fermat, outstanding
contributionsto probability theory were also made by Christian Huygenes (1629—
1665), a Dutchman, J. Bernoulli (1654-1705), De Moivre (1667-1754), a
Frenchman Pierre Laplace (1749-1827), the Russian PL Chebyshev (1821-1897),
A.A Markov (1856-1922) andA. N Kolmogorove (1903-1987). Kolmogorov is
credited with the axiomatic theory of probability. His book ‘Foundations of
Probability’ published in 1933, introduces probability as a set function and is
considered aclassic.
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