Chapter

‘ SEQUENCESAND SERIES '

**Natural numbers are the product of human spirit. — DEDEKIND +*

9.1 Introduction

In mathematics, the word, “sequence” is used in much the
same way asit isin ordinary English. When we say that a
collection of objectsislisted in asequence, weusually mean
that the collection is ordered in such a way that it has an
identified first member, second member, third member and
so on. For example, popul ation of human beings or bacteria
at different times form a sequence. The amount of money
deposited in abank, over anumber of yearsform asequence.
Depreciated values of certain commodity occur in a
sequence. Sequences haveimportant applicationsin several Fibonacci
spheres of human activities. (1175-1250)
Sequences, following specific patternsare called progressions. In previous class,
we have studied about arithmetic progression (A.P). Inthis Chapter, besides discussing
more about A.P; arithmetic mean, geometric mean, relationship between A.M.
and GM., special seriesin forms of sumto n terms of consecutive natural numbers,
sum to n terms of squares of natural numbers and sum to n terms of cubes of
natural numbers will also be studied.

9.2 Sequences

L et usconsider thefollowing examples:

Assume that there is a generation gap of 30 years, we are asked to find the
number of ancestors, i.e., parents, grandparents, great grandparents, etc. that a person
might have over 300 years.

Here, the total number of generations — 300 =10
30
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178 MATHEMATICS

The number of person’s ancestorsfor thefirst, second, third, ..., tenth generations are
2,4,8, 16, 32, ..., 1024. These numbers form what we call a sequence.

Consider the successive quotients that we obtain in the division of 10 by 3 at
different steps of division. Inthisprocesswe get 3,3.3,3.33,3.333, ... and so on. These
guotients also form a sequence. The various numbers occurring in a sequence are
called its terms. We denote the terms of asequenceby a, a,, a,, ..., a, ..., €tc,, the
subscripts denote the position of the term. The n"term isthe number at the n™ position
of the sequence and is denoted by a_ The n termisal'so called the general term of the
seguence.

Thus, the terms of the sequence of person’s ancestors mentioned above are:
a=2a=44a=38,..,a,=1024
Similarly, in the example of successive quotients
a,=3a=332a=333, ..., a,= 3.33333, etc.

A sequence containing finite number of terms is called a finite sequence. For
example, sequence of ancestorsis afinite sequence since it contains 10 terms (afixed
number).

A sequence is called infinite, if it is not a finite sequence. For example, the
sequence of successive quotients mentioned above is an infinite sequence, infinite in
the sense that it never ends.

Often, itispossibleto expresstherule, which yieldsthe variousterms of asequence
in terms of algebraic formula. Consider for instance, the sequence of even natura
numbers2, 4,6, ...

Here a=2=2x1 a,=4=2x2

a,=6=2x3 a,=8=2x4

a,=46=2x23,a, =48=2x 24, and so on.

In fact, we see that the n™ term of this sequence can be written as a = 2n,
wherenisanatural number. Similarly, in the sequence of odd natural numbers1,3,5, ...,
the n" term is given by the formula, a =2n-1, where nisanatural number.

In some cases, an arrangement of numberssuchasl, 1, 2, 3,5, 8,.. hasnovisible
pattern, but the sequence is generated by the recurrence relation given by

a1232:1
a=a t+a
a=-a ,+a n>2

n n—2 n—17

This sequence is called Fibonacci sequence.
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In the sequence of primes 2,3,5,7,..., we find that there is no formulafor the n™
prime. Such sequence can only be described by verbal description.

In every sequence, we should not expect that itstermswill necessarily be given
by aspecific formula. However, we expect atheoretical schemeor arulefor generating
theterms a,, a, a,,...,a,... in succession.

In view of the above, a sequence can be regarded as a function whose domain
is the set of natural numbers or some subset of it. Sometimes, we use the functional
notation a(n) for ap.

9.3 Series

Leta, a,a,...,a, beagiven sequence. Then, the expression

a+ata +..+ta+..
is called the series associated with the given sequence .The seriesisfinite or infinite
according as the given sequence is finite or infinite. Series are often represented in

compact form, called sigma notation, using the Greek letter Y (sigma) as means of
indicating the summation involved. Thus, theseriesa, + a,+a; + ... + a, isabbreviated

Remark When the seriesis used, it refers to the indicated sum not to the sum itself.
For example, 1 + 3+ 5 + 7 isafinite series with four terms. When we use the phrase
“sum of a series,” we will mean the number that results from adding the terms, the
sum of the seriesis 16.

We now consider some examples.

Example 1 Write the first three termsin each of the following sequences defined by
thefollowing:

. } n-3
(i) a,=2n+5, (i) aﬂ:T.

Solution (i) Here a,=2n+ 5
Substitutingn=1, 2, 3, we get
a=21)+5=7a=94a,=11
Therefore, the required terms are 7, 9 and 11.

. n-3 1-3 1 1
(i1) HereaﬂzT.Thus, 61=T=—§,a2=—z,a3=0
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180 MATHEMATICS

Hence, the first three terms are_} _} and 0.

2 4

Example 2 What is the 20" term of the sequence defined by
an=Mn-1)2-n@B+n)?

Solution Putting n = 20, we obtain
a,, = (20— 1) (2 - 20) (3 + 20)
= 19 x (— 18) x (23) = — 7866.
Example 3 Let the sequence a, be defined as follows:
a=1 a=a ,+2forn>2

Find first five terms and write corresponding series.
Solution We have

a=lLa=a+2=1+2=3,a,=a,+2=3+2=5,

a,=a,+2=5+2=7,a,=a,+2=7+2=09.

Hence, thefirst five terms of the sequence are 1,3,5,7 and 9. The corresponding series
is1+3+5+7+9+..

| EXERCISE 9.1

Write the first five terms of each of the sequences in Exercises 1 to 6 whose nth
terms are:

n
1. a=n(n+2 2. a= "1 3. =2
2n-3 n*+5
4. a = 5 a=E)et 6. a=n :

4

Find the indicated terms in each of the sequences in Exercises 7 to 10 whose n
terms are:

2

n -

7. a=4n-3a,a, 8 an:§’3‘7
n(n-2)

9. a = ()" '3 a, 10. a,= n:3 1 Qg
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SEQUENCES AND SERIES 181

Write thefirst five terms of each of the sequencesin Exercises 11 to 13 and obtain the
corresponding series:

11. a,=3,a,=3a _,+2foraln>1 12. a=-1a-= %,nzz

13. aa=a,=2,a,=a,_,-1n>2
14. TheFibonacci sequenceis defined by

1=a1:a2andan:an_1+an_2,n>2.

. an+l
Find _an ,forn=1,2,3,4,5

9.4 ArithmeticProgression (A.P.)
Let us recall some formulae and properties studied earlier.

A sequence a,, a,, a,,..., a,... is called arithmetic sequence or arithmetic
progressionifa ,, =a +d,ne N,wherea, iscaled thefirst termand the constant
term d is called the common difference of the A.P.

Let us consider an A.P. (in its standard form) with first term a and common
differenced, i.e,a, a+d, a+ 2d, ...

Then the n term (general term) of the AP isa =a+ (n-1) d.

We can verify the following simple propertiesof anA.P. :
(i) If aconstant is added to each term of an A.P, the resulting sequence is
asoanA.P.
(i) If aconstant is subtracted from each term of an A.P, the resulting
sequence isaso anA.P.
(iii) If eachterm of an A.P. is multiplied by a constant, then the resulting
sequence isalso anA.P.
(iv) If eachterm of an A.P. isdivided by anon-zero constant then the
resulting sequenceisaso anA.P.

Here, we shall use the following notations for an arithmetic progression:
a=thefirstterm, | =thelast term, d = common difference,

n = the number of terms.
S =the sumto nterms of A.P.

Leta,a+d,a+ 2d,..,a+ (n—1) dbeanA.P. Then
| =a+(-21d
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S, :g[2a+(n—1)d]

n
We can adso write, S, :E[a+l]

Let us consider some examples.

Example4 InanA.P. if mih term isn and the nth term is m, wherem = n, find the pth
term.

Solution We have a_=a+(m-1)d=n, .. (1)
and a=a+(n-1)d=m .. (2
Solving (1) and (2), we get
(m-n)d=n-m,or d=-1, .. (3)
and a=n+m-1 .. (4

Therefore a=at (p—1d
=n+m-1+(p-1)(-1)=n+m-p
Hence, the p" termisn + m—p.

Example 5 If the sum of nterms of an A.P. is nP+%n(n—1)Q, where Pand Q

are constants, find the common difference.

Solution Let a,, a,, ... a be the given A.P. Then

1
S=ata+a .ty +a=nP+nn-1)Q
Therefore S,=a, =P S,=a+a,=2P+Q
So that a,=S5-S=P+Q
Hence, the common difference is given by d = a,-a = P+Q -P=Q.
Example 6 The sum of n terms of two arithmetic progressions are in the ratio
(3n+8) : (7n + 15). Find theratio of their 12 terms.

Solution Let a,a, and dl, d2 be the first terms and common difference of the first

and second arithmetic progression, respectively. According to the given condition, we
have
Sumtontermsof firstA.P. _ 3n+8

Sumtontermsof secondA.P.  7n+15
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SEQUENCES AND SERIES 183

n
E[Zaff( n-1)d,] _ 3n+8

Sl2a+(n-1d,] M

or

2a,+(n-1)d, _ 3n+8
or 2a,+(n-1d, 7n+15 - (D)

12" termof firstA.P. _ a +11d,

Now 12" termof secondA.P  a,+11d,
2a,+22d, 3x23+8 _ '
2a,+22d, T 7%x23+15 [By putting n=23in (1)]
a+11d, 12" termof first AP. 7

Therefore = =

a,+11d, 12" term of second A.P. 16
Hence, therequired ratio is 7 : 16.

Example 7 Theincome of apersonisRs. 3,00,000, in thefirst year and hereceivesan
increase of Rs.10,000 to his income per year for the next 19 years. Find the tota
amount, he received in 20 years.

Solution Here, we have an A.P. with a = 3,00,000, d = 10,000, and n = 20.
Using the sum formula, we get,

20
So=" [600000+19%10000] = 10 (790000) = 79,00,000.

Hence, the person received Rs. 79,00,000 as the total amount at the end of 20 years.

9.4.1 Arithmetic mean Given two numbers a and b. We can insert a number A
between them so that a, A, bisanA.P. Such anumber A is called the arithmetic mean
(A.M.) of the numbers a and b. Note that, in this case, we have

] a+b
A—-a=b-A, ie,A :T

We may also interpret the A.M. between two numbers a and b as their

a+b
average T . For example, the A.M. of two numbers 4 and 16 is 10. We have, thus

constructed an A.P. 4, 10, 16 by inserting a number 10 between 4 and 16. The natural
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184 MATHEMATICS

guestion now arises: Can weinsert two or more numbers between given two numbers
so that the resulting sequence comes out to be an A.P. ? Observe that two numbers 8
and 12 can be inserted between 4 and 16 so that the resulting sequence 4, 8, 12, 16
becomes an A.P.

More generally, given any two numbersa and b, we can insert as many numbers
as we like between them such that the resulting sequenceisan A.P.

LetALALA, ..., A be n numbers between a and b such that a, ALALA, ...,

A, bisanA.P.

Here bisthe(n+2)"term,i.e, b=a+[(n+2)-1]d =a+ (n+ 1) d.

Thisgives d:E.
n+1

Thus, n numbers between a and b are as follows:

b—a
A =a+d=a+ 1
2(b-a)
A,=a+t2d=a+ " 7
3(b—a)
A;=at+3d=a+ "
n(b—a)
A —a+nd=a+ n+1

Example 8 Insert 6 numbers between 3 and 24 such that the resulting sequence is

an A.P.

Solution Let A, A, A, A, A, and A be six numbers between 3 and 24 such that
S ALALALALAL A 24areinAP. Here,a=3,b=24,n=8.

Therefore, 24 =3+ (8-1) d, sothat d=3.

Thus A =a+d=3+3=6; A,=a+2d=3+2x3=9;
A,=a+3d=3+3x3=12, A,=a+4d=3+4x3=15
A,=a+5d=3+5x3=18, A,=a+6d=3+6x3=2L

Hence, six numbers between 3 and 24 are 6, 9, 12, 15, 18 and 21.

2018-19



~

10.

11.

12.

13.

14.

15.
16.
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| EXERCISE 9.2

Find the sum of odd integersfrom 1 to 2001.

Find the sum of all natural numberslying between 100 and 1000, which are
multiplesof 5.

Inan A.P, the first term is 2 and the sum of the first five terms is one-fourth of
the next five terms. Show that 20t term is—112.

How many terms of the A.P. —6, _1_1 ,—5, ... areneeded to give the sum —25?

2

Inan A.R, if p" term is 1 and g" term is 1 prove that the sum of first pg
q p

termsis 1 (pq +1), where p # q.

If the sumof acertain number of termsof theA.P. 25, 22, 19, ... is116. Find the
last term.

Find the sum to n terms of the A.P,, whose k"term is 5k + 1.

If the sum of nterms of an A.P. is (pn + gn?), where p and q are constants,
find the common difference.

The sums of n terms of two arithmetic progressions are in the ratio
5n+4:9n+ 6. Find theratio of their 18" terms.

If the sum of first p terms of an A.P. isequal to the sum of thefirst g terms, then
find the sum of the first (p + ) terms.

Sum of the first p, g and r terms of an A.P. are a, b and c, respectively.

a b c
Prove that —p(q—r)"‘a(r— p)+F(p—q)=0

The ratio of the sums of m and n terms of an A.P. is m?: n? Show that the ratio
of mhand n" termis (2m—1) : (2n—-1).

If the sum of nterms of anA.P.is3n? + 5n and its m" term is 164, find the value
of m.

Insert five numbers between 8 and 26 such that the resulting sequenceisan A.P.

a"+b" . :
If ————— isthe A.M. between a and b, then find the value of n.
a.n—l_l_ bn—l
Between 1 and 31, mnumbers have been inserted in such away that theresulting
sequenceisan A. P. and theratio of 7" and (m— 1) numbersis5: 9. Find the

value of m.
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17. A man starts repaying aloan as first instalment of Rs. 100. If he increases the
instalment by Rs 5 every month, what amount he will pay in the 30" instalment?

18. The difference between any two consecutive interior angles of a polygon is5°.
If the smallest angleis 120°, find the number of the sides of the polygon.

9.5 Geometric Progression (G. P)
Let us consider the following sequences:

, 111 4
(i)2,4,8,16.,..., (ii) 9'27'81 213 . (iii) .01,.0001,.000001, ...
In each of these sequences, how their terms progress? We note that each term, except
thefirst progressesin adefinite order.

In (i), we have a1=2,&=2,ﬁ=2,ﬂ=2 and so on.

a a, as

. 1 a, 1 a la 1
In eobserve, ¢y =—, —==—,—=—,—=— andsoon.
(i), weobserve, &, =g, < =3 T3 % 3
Similarly, state how do the terms in (iii) progress? It is observed that in each case,
every term except thefirst term bears aconstan'_gl ratio to theterm immediately preceding

it. In (i), this constant ratio is 2; in (ii), it is 3 and in (iii), the constant ratio is 0.01.

Such sequences are called geometric sequence or geometric progression abbreviated
as GP
Asequencea; a, a,, ..., &, ... is called geometric progression, if each term is

]
non-zero and —— =r (constant), for k> 1.
a
By letting a, = a, we obtain ageometric progression, a, ar, ar?, ars,...., wherea
is called thefirst termand r is called the common ratio of the GP. Common ratio in

1
geometric progression (i), (ii) and (iii) above are 2, 3 and 0.01, respectively.
Asin case of arithmetic progression, the problem of finding the n"" term or sum of n
terms of ageometric progression containing alarge number of termswould bedifficult
without the use of the formulae which we shall develop in the next Section. We shall

use thefollowing notationswith these formul ae:
a =thefirst term, r = the common ratio, | = the last term,

n = the numbers of terms,

2018-19



SEQUENCES AND SERIES 187

n = the numbers of terms,
S, = the sum of first n terms.

9.5.1 General term of a G.P. Let us consider a G.P. with first non-zero term ‘a’ and
commonratio ‘r’. Writeafew termsof it. The second term isobtained by multiplying
a by r, thus a, = ar. Similarly, third term is obtained by multiplying a, by r. Thus,
a,=ay =ar? and so on.

We write below these and few more terms.
Tterm=a =a=ar*!, 2¥teem=a, =ar = ar*!, 3term=a, = ar* = ar**
A"term=a, = ar* = ar*!, S"term =g, = ar’* = ar**
Do you see a pattern? What will be 16" term?

a,= arlel = gris

Therefore, the pattern suggests that the n"term of a G.P. is given by
a = ar™
Thus, a, GP. can bewritten as a, ar, ar?, ar®, ... ar"~%; a, ar, ar?,...,ar"*...;according
as GP. isfinite or infinite, respectively.

Theseriesa+ar +ar?+ .. +ar"ora+ar +ar?+ ..+ a" +..aecaled
finite or infinite geometric series, respectively.

9.5.2. Sumton terms of a G.P. Let the first term of a GP. be a and the common
ratio ber. Let us denote by S, the sum to first n terms of GP. Then

S =a+ar+ar’+.+amt )
Case 1 If r=1,wehave Sy=a+a+a+..+a(nterms) =na

Case 2 If r=1, multiplying (1) by r, we have
rS =ar+ar’+ar®+ .. +ar )
Subtracting (2) from (1), weget (1-r) S =a—-ar" =a(1-1r")

. _a@l-r") a(r" 1)
Thisgives S, = R, o S ==

Example 9 Find the 10" and n terms of the GP. 5, 25,125,... .

Solution Herea=5and r = 5. Thus, a, = 5(5)"** = 5(5)° = 5%

and a =ar™ =55 =5".

Examplel0 Which term of the GP, 2,8,32, ... up to ntermsis 131072?
Solution Let 131072 be the n term of the given GP. Herea=2and r = 4.
Therefore 131072 =a =2(4)"~* or 65536 = 41

Thisgives 48 =4n-t

Sothat n—1=8,i.e, n=9. Hence, 131072 is the 9" term of the G.P.
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Examplell In aGP, the 39term is 24 and the 6" term is 192.Find the 10" term.
Solution Here, a,=ar’ =24 .. (1)

and a,=ar’=192 .. (2
Dividing (2) by (1), we get r = 2. Substitutingr =2in (1), wegeta=6.
Hence a,, = 6 (2)° = 3072.

Examplel2 Find the sum of first n termsand the sum of first 5 terms of the geometric

i 1+E+—+
series 3Tt

2
Solution Herea=1andr = —. Therefore

ey

| ticul =31 2Y —3><2—11 —2—11
nparticular, S; = —§ = 43 T 8l

33
Example 13 How many terms of the G.P. 3,5 2 are needed to give the

3069 5
sum 512 -
. ) 1 3069
Solution Let n be the number of terms needed. Giventhata=3,r = E and S, ZE
. a@-r"
Since g J
Sh 1-r
1
3(1--.)
Therefore 3069 _ 2" gL
512 1_} 2"
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3069 _, 1
o 0727 2
1,389 3 1
2" 3072 3072 1024
or 2" = 1024 = 29, which givesn = 10.

or

13
Example 14 The sum of first three terms of aGP. is D and their product is— 1.

Find the common ratio and the terms.

a
Solution Let F’ a, ar be thefirst three terms of the GP. Then

E+ar+a—£’ 1
r T 12 - (D)

and [?j(a) (ar)=-1 e

From (2), weget a®=—1, i.e.,, a=—1 (considering only real roots)
Substituting a=-11in (1), we have

1 13
——1-r=— or12r2+ 25r + 12=0.
r 12
. . . 3 4
Thisisaquadraticinr, solving, we get r:__or_g.
Thus, the threet f GP 4 —1§forr—_—3and§—J,ﬂforr-_—4
us, the three terms o .are.3, » ) 7k 3 3"

Examplel5 Find the sum of the sequence 7, 77, 777, 7777, ... to nterms.

Solution Thisis not a GP, however, we can relate it to a GP. by writing the terms as
Sn=7+77T+777+ 7777+ ... tonterms

[9+99+999+9999+ ...to nterm]

[(10-1)+(10* —1)+(10° ~1)+(10* —1) +...nterms]

©olN ol
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- ! 10+10% +10% +..nterms) —(1+1+1+...nterms
9

_7[wa0-y _ ] _7[10a0-y

~ 9| 10-1 9 9 '

Example 16 A person has 2 parents, 4 grandparents, 8 great grandparents, and so on.
Find the number of his ancestors during the ten generations preceding his own.

Solution Herea=2,r=2and n=10
ar"-1
r-1
We have S, = 2(2° —1) = 2046
Hence, the number of ancestors preceding the person is 2046.
9.5.3 Geometric Mean (G.M.) The geometric mean of two positive numbers a

Usingthesumformula S =

and b is the number \/% . Therefore, the geometric mean of 2 and 8is 4. We
observe that the three numbers 2,4,8 are consecutive terms of a G.P. Thisleadsto a
generalisation of the concept of geometric means of two numbers.

Given any two positive numbers a and b, we can insert as many numbers as
we like between them to make the resulting sequencein a GP.

Let G, G,,..., G, be nnumbers between positive numbers a and b such that
a,G,,G,G,,....G bisaGP. Thus, b being the (n + 2)"term,we have

1

b=ar"*, or rzgm'
' a

Hence G,=ar=a b F b Ll T
'y la ’G2=ar2=a[—jn+, G3=ar3=a[9jn+l,
a

a
n
Gn=ar”=a(9jn+1
a

Examplel? Insert three numbers between 1 and 256 so that the resulting sequence

isaGP.

Solution Let G, G,,G, be three numbers between 1 and 256 such that
1,G,G,G, 256 isaGP.
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Therefore 256 =r*giving r = + 4 (Taking real roots only)
Forr=4,wehaveG =ar=4,G,=ar*=16,G,=ar*=64

Similarly, for r =—4, numbers are— 4,16 and — 64.

Hence, we can insert 4, 16, 64 between 1 and 256 so that the resulting sequences are
inGP.

9.6 Relationship Between A.M. and G.M.

Let Aand GbeA.M. and GM. of two given positivereal numbersa and b, respectively.
Then

A=‘3‘%b andG =+/ab

Thus, we have

G- at+b b - a+b—2ab
-G=—r —aliadiinkf° 4
(o)
- o - (D)

2
From (1), we obtain the relationship A>G.

Example 18 If A.M. and GM. of two positive numbers a and b are 10 and 8,
respectively, find the numbers.

a+b
Solution Given that A.M.=T=10 . (1)
and G.M.=/ab =8 - (2)
From (1) and (2), we get
a+b=20 - (3)
ab =64 .. (4

Putting the value of a and b from (3), (4) in the identity (a — b)? = (a + b)?— 4ab,
we get
(a—b)?2=400-256 = 144
or a-b=x12
.. (5
Solving (3) and (5), we obtain
a=4,b=16ora=16,b=4
Thus, the numbersa and b are 4, 16 or 16, 4 respectively.
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| EXERCISE 9.3

555
1. Find the 20" and n" terms of the GP. —,—,—

2'4'8" "
Find the 12" term of a G.P. whose 8" term is 192 and the common ratio is 2.
3. The 5" 8" and 11" terms of a G.P. are p, g and s, respectively. Show
that g? = ps.
4. The 4" term of a GP. is square of its second term, and the first term is — 3.
Determine its 7" term.
5. Which term of thefollowing sequences:

N

(@ 2,2J2.4,.is128? (b) +/3,3,3/3,...is729?
111 . 1

(© =Zizi5.IS ?
3’9’27 19683

6. For what values of x, the numbers —%,x,—gare in GRP?

Find the sum to indicated number of terms in each of the geometric progressionsin
Exercises 7 to 10:

7. 0.15,0.015, 0.0015, ... 20 terms.

8. 7,421,347, ... nterms.

9. 1,—a a4, —&, ...nterms (if a# — 1).
10. 3, %8, X, ... nterms (if x # £ 1).

11
11. Evauate Y (2+3%)

k=1

12. The sum of first three terms of a GP. is % and their product is 1. Find the

common ratio and the terms.

13. How many terms of GP. 3, 32, 33, ... are needed to give the sum 120?

14. Thesum of first three terms of a GP. is 16 and the sum of the next threetermsis
128. Determine the first term, the common ratio and the sum to n terms of the GP.

15. GivenaGP witha=729 and 7" term 64, determine S,.

16. Find a GP. for which sum of the first two terms is — 4 and the fifth term is
4 times the third term.

17. If the 4, 10" and 16" terms of a GP. are x, y and z, respectively. Prove that X,
y, zarein GP.
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Find the sum to n terms of the sequence, 8, 88, 888, 8388... .
Find the sum of the products of the corresponding terms of the sequences 2, 4, 8,

16,32and 128, 32, 8, 2, % .

Show that the products of the corresponding terms of the sequences a, ar, ar?,
armtand A, AR, AR?, ... AR~ form a G.P, and find the common ratio.
Find four numbers forming a geometric progression in which the third term is
greater than thefirst term by 9, and the second term is greater than the 4" by 18.
If the p, g" and r" terms of a GP. are a, b and c, respectively. Prove that
ai~"brPcPra =1,

If the first and the n term of a GP. are a and b, respectively, and if Pis the
product of n terms, prove that P2 = (ab)".

Show that the ratio of the sum of first n terms of a G.P. to the sum of terms from

(n+ D" to (2n)" term is in .
r
If a, b, cand d are in GP. show that
@+ b+ c?) (b?+c2+d?) =(ab+ bc+ cd)?.
Insert two numbers between 3 and 81 so that the resulting sequence is G.P.

an+l+bn+l
Find the value of n so that ————— may be the geometric mean between

n n
a and b. a'+b

The sum of two numbersis 6 times their geometric mean, show that numbers

arein theratio (3+2\/§):(3—2\/§).
If Aand G beA.M. and GM., respectively between two positive numbers,

prove that the numbers are A i\/(A+G)(A—G) .

The number of bacteriain a certain culture doubles every hour. If there were 30
bacteriapresent in the culture originally, how many bacteriawill be present at the
end of 2™ hour, 4" hour and n™ hour ?

What will Rs 500 amountsto in 10 years after its deposit in a bank which pays
annual interest rate of 10% compounded annually?

If A.M. and GM. of roots of aquadratic equation are 8 and 5, respectively, then
obtain the quadratic equation.
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9.7 Sum ton Termsof Special Series

We shall now find the sum of first n terms of some special series, namely;
(i) 1+2+3+... +n(sum of first n natural numbers)
(i) 212+ 2%+ 3?+... + n%(sum of squares of the first n natural numbers)
(i) 213+ 23+ 3*+... + n*(sum of cubes of the first n natural numbers).
Let us take them one by one.

nn+1)

() S=1+2+3+..+n,thenS = 5

(See Section 9.4)
(i) Here S=1°+2°+3+ ..+
We consider theidentity k®—(k—1)*=3k* -3k + 1
Puttingk=1, 2...,n  successively, we obtain
B-0=31)?*-3(1)+1
2-13=3(2?-3(2 +1
P-28=3(32-3(3) +1

nt-n-1>%=3M3>?-3(n)+1
Adding both sides, we get
NP-0B=31L+22+3F+..+n)-3(1L+2+3+..+n)+n

n3:3zn:k2—3zn:k+n
k=1 k=1

n
1
By (i), weknow that ) k=1+2+3+..+ n=n(n+D
k=1
0,0, 1 5 3n(n+1
Hence §,= LK’ =—[”3+¥—n} :}(2n3+3n2+n)
"o 3 2 6
B 6

(i) HereS =13+ 23+ ..+
Weconsider theidentity, (k+ 1)*—k*=4k®+ 6k* + 4k + 1
Puttingk =1, 2, 3... n, we get
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24— 14 = 4(1)° + 6(1)% + 4(1) + 1
324 = 4(2)° + 6(2)% + 4(2) + 1
4 -3 = 43+ 6(3)2 + 4(3) + 1

nN=-1)*-(n-2*=4(n-2°*+6(n-22+4n-2)+1
nf—(n-21*=4n-132+6(n-12+4n-1) +1
(n+1)*—n*=4n*+6n*+4n+1

Adding both sides, we get
(N+1D)*—1* =413+ 22+ B+.+n°) + 6(1>+ 22+ F + .+ nd) +
41+2+3+..+n)+n

n n n
=4Y K +6) k*+4) k+n e
k=1 k=1 k=1
From parts (i) and (ii), we know that

nn+1) (2n+1)
6

2
Putting these valuesin equation (1), we obtain
én(n+Y(2n+1) 4n(n+1) _n

z”:k_ nn+1) andzn:kzz
k=1 k=1

n
4Y k*=n"+4n®+6n°+4n—

k=1 6 2
or A4S =n*+4An*+ 6 +4n—n(2n*+3n+1)-2n(n+1)—n
=n‘+ 2+ n?
— n’(n + 1)%
2 2 In(n+Df
Hence, ) (”4+1) | (4 )]

Example 19 Find the sum to n terms of the series: 5+ 11 + 19+ 29 + 41...

Solution Let us write

S=5+11+19+29+..+a  +a
or S = 5S+11+19 +..+a +a  +a
On subtraction, we get
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0=5+[6+8+10+12+..(n—-1)terms] —a,

(n=[12+(n-2)x 2]
2
=5+(n-1)(n+4)=r*+3n+1

or an=5+

Hence g = iak:i(k2+3k+1):ik2+3ik+n
k=1 k=1 1

k=1

nn+1)(2n+) 3n(n+1) _ n(n+2)(n+4)
6 2 3 '

Example 20 Find the sum to n terms of the series whose n'" term is n (n+3).
Solution Giventhat a =n(n+3) =n*+3n
Thus, the sum to ntermsis given by

S = Ya=) k+3) k

n n n
k=1 k=1 k=1

_ n(n+1)(2n+1)+3n(n+1) _n(n+1)(n+5)
N 6 2 p\¢ 3 '

|EXERCISE 94 |

Find the sum to n terms of each of the seriesin Exercises1to 7.
1. 1x2+2x3+3x4+4x5+,., 2. 1x2x3+2x3x4+3x4x5+ ..,
1 1 1
+ + +
1x2 2x3 3x4
5. B2+ 62+ 72+ ...+ 207 6. 3x8+6x11+9x14+ ..
7.1+ (P+2)+(1P+22+3) + .
Find the sum to n terms of the seriesin Exercises 8 to 10 whose n termsis given by

3. 3x12+5%x22+7x3+ .. 4,

8. n(n+1) (n+4). 9. n2+2n
10. (2n-1)?
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Miscellaneous Examples

Example21 If p® g™, rt and s" terms of an A.P. are in G.P, then show that
(p—0q), (@-r), (r—s) aredsoin GP.

Solution Here

ap —a+ (p —1) d (1)
aq —a+ (q —1) d (2)
a=a+(r-1)d .. (3
a=a+(s-1)d .. (4

Given that a,a,a and a areinGP
% & a g-a& q-r .. (5
a, a a-a p-a V7 :
Smilarl a a; a-a; _r-s ... (6
mitary a, 3 a-a o Wy? ©

Hence, by (5) and (6)

q-r _r—=sSie, p—-qg,g-randr-saeinGP.
p—-q q-r

1 1 1
Example22If a, b, carein GP and gx _py _ ¢z, provethat x, y, zarein A.P,

1 ER
Solution Let a*= bY =cz=k Then

a=k<, b=k andc =K . (1)
Since a, b, c are in G.P, therefore,

b?> =ac )

Using (1) in (2), we get
k¥ = k**2 which gives2y = x + z
Hence, x, yand zare in A.P.

Example 23 If a, b, ¢, d and p are different real numbers such that
@+ b?+c)p?—2(ab + bc + cd) p + (b*>+ ¢+ d?) < 0, then show that a, b, cand d
arein GP.

Solution  Given that
@+pP+c)pP-2@+bc+cd)p+ (BP+c2+d?) <0 - (1)
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But L.H.S.
= (a?p? — 2abp + b?) + (b?p? — 2bcp + ¢2) + (c%p? — 2cdp + d?),
which gives (ap —b)? + (bp—c)*+ (cp—d)? >0
2
Since the sum of squares of real numbers is non negative, therefore, from (1) and (2),
we have, (ap —b)2+(bp —c)?+(cp —d)*=0

or ap—b=0,bp-c=0,cp—-d=0
Thisimpliesthat E—E—E—IO
isimplies 2 b o

Hencea, b, cand d arein GP.

Example 24 If p,q,r are in GP. and the equations, px? + 2gx + r = 0 and

dx? + 2ex + f = 0 have a common root, then show that Q,E,i areinA.P.
pqr
Solution  The eguation px? + 2gx + r = 0 has roots given by
—2q++/4q° - 4r
= q g P

2p

Sincep ,q, r aein GP. ¢? = pr. Thus x:_—q but ~9 isalso root of
p p
dx? + 2ex + f = 0 (Why ?). Therefore

2
d| =9 | y2el =9 |s 1 =0,
p p
or do? — 2egp + fp? =0 - ()
Dividing (1) by pg?and usingg? = pr, we get

d 2 fp 2e d f
———+—=0, or —=—t—
p q pr qa pr
Hence E,E,i aeinA.P.
pagr
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Miscellaneous Exercise On Chapter 9

Show that the sum of (m+ n)" and (m —n)™ terms of an A.P. is equal to twice
the m™" term.

If the sum of three numbersin A.P, is 24 and their product is 440, find the
numbers.

Letthesum of n, 2n, 3ntermsof anA.P.be S, S,and S, respectively, show that
S,=3(§-9)

Find the sum of all numbers between 200 and 400 which aredivisible by 7.

Find the sum of integersfrom 1 to 100 that are divisible by 2 or 5.

Find the sum of all two digit numberswhich when divided by 4, yields 1 as
remainder.

If fisafunction satisfying f (x +y) = f(x) f(y) for @l x, y € N such that

n

f(1) =3and Y, f(X) =120 find the value of n.
x=1

The sum of sometermsof G.P. is 315 whose first term and the common ratio are

5 and 2, respectively. Find the last term and the number of terms.

Thefirst term of aGP. is 1. The sum of the third term and fifth term is 90.

Find the common ratio of GP.

Thesum of three numbersin GP.is56. If wesubtract 1, 7, 21 from these numbers

in that order, we obtain an arithmetic progression. Find the numbers.

A GP consistsof an even number of terms. If the sum of al thetermsis5 times

the sum of terms occupying odd places, then find its common ratio.

The sum of thefirst four terms of an A.P. is56. The sum of thelast four termsis

112. If itsfirst termis 11, then find the number of terms.

a+bx b+cx  c+dx
a-bx b-cx c—dx
Let S bethe sum, Pthe product and R the sum of reciprocals of ntermsinaG.P.
Prove that PPR" = S
The p™, g" and r*" terms of an A.P. are a, b, c, respectively. Show that

(@-r)a+(r-p)o+(p-q)c=0

(x=#0), then show that a, b, cand d are in GP.

1 1), (1 1 11 _ _
If a| =+=|,b| =+=|,c| =+= | areinA.P, provethat a, b, c arein A.P.
b ¢ c a a b

If a, b, ¢, d arein GP, prove that (a” + b"), (b" + "), (c" + d") arein G.P
If aand b are the roots of X2 —3x + p=0and ¢, d are roots of X2 —12x + q =0,
where a, b, ¢, d form a GP. Provethat (g + p) : (Q—p) = 17:15.
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Theratio of the A.M. and GM. of two positive numbersa and b, ism: n. Show
that a:b=(m+\/mz—n2):(m—\/mz—nz) .

Ifa,b,careinA.P; b, c,darein GP and },E,Eare in A.P. provethat a, c, e
. cde

arein GP.

Find the sum of the following seriesup to nterms:

(i) 5+55+555 + ... (ii) .6 +. 66 +. 666+...

Find the 20" term of the series2 x4+ 4x 6+ 6 x 8+ ... + nterms.

Find the sum of thefirst n terms of the series; 3+ 7 +13 +21 +31 +...

If S, S, S,ae the sum of first n natural numbers, their squares and their

cubes, respectively, show that 957 =S, (1 + 8S).

Find the sum of the following seriesup to nterms:

P P+2 P+2+3
1 1+3 1+3+5

1x2% +2xF +..+nx(n+1)°  3n+5
Px2+2°x3+..+n°x(n+1) 3n+1.

A farmer buys a used tractor for Rs 12000. He pays Rs 6000 cash and agreesto
pay the balancein annual instalments of Rs 500 plus 12% interest on the unpaid
amount. How much will the tractor cost him?

Shamshad Ali buys a scooter for Rs22000. He pays Rs 4000 cash and agreesto
pay the balancein annual instalment of Rs 1000 plus 10% interest on the unpaid
amount. How much will the scooter cost him?

A person writes aletter to four of hisfriends. He asks each one of them to copy
the letter and mail to four different persons with instruction that they move the
chain similarly. Assuming that the chainisnot broken and that it costs 50 paiseto
mail one letter. Find the amount spent on the postage when 8" set of letter is
mailed.

A man deposited Rs 10000 in a bank at the rate of 5% simple interest annually.
Find the amount in 15" year since he deposited the amount and also calculate the
total amount after 20 years.

A manufacturer reckons that the value of amachine, which costshim Rs. 15625,
will depreciate each year by 20%. Find the estimated value at the end of 5 years.
150 workerswere engaged to finish ajob in a certain number of days. 4 workers
dropped out on second day, 4 more workers dropped out on third day and so on.

Show that
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It took 8 more daysto finish thework. Find the number of daysinwhich thework
was compl eted.

Summary

4 By asequence, we mean an arrangement of number in definite order according
to some rule. Also, we define a sequence as a function whose domain is the
set of natural numbers or some subsets of thetype{1, 2, 3, ...k} . A sequence
containing afinite number of termsis called afinite sequence. A sequenceis
caled infiniteif it is not afinite sequence.

¢ Leta, a, a, ... bethe sequence, then the sum expressed asa, +a, + a, + ...
is called series. A series is caled finite series if it has got finite number of
terms.

¢ An arithmetic progression (A.P) is a sequence in which terms increase or
decrease regularly by the same constant. This constant is called common
difference of the A.P. Usually, we denote the first term of A.P. by a, the
common difference by d and the last term by |. The general term or the n™
termof theA.P.isgivenby a =a+ (n-1) d.
Thesum S, of the first nterms of an A.P. is given by

S, = g[2a+ (n-1)d]= 2(a+ .

at+b
¢ Thearithmetic mean A of any two numbersa and b isgiven by R i.e, the

sequence a, A, bisinA.P.

¢ A sequence is said to be a geometric progression or GP.,, if the ratio of any
term to its preceding term is same throughout. This constant factor is called
the common ratio. Usually, we denote the first term of a GP. by a and its
common ratio by r. The general or the n term of GP.isgivenby a = ar"~*.
Thesum S of the first n terms of GP. is given by
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_a(r”—l) a(l-r")
S, = — or T Jfr=l

4 The geometric mean (G.M.) of any two positive numbersa and b is given by

Jab i.e, thesequence a, G bis GP.

Historical Note

Evidenceisfound that Babylonians, some 4000 years ago, knew of arithmetic and
geometric sequences. According to Boethius (510), arithmetic and geometric
sequences were known to early Greek writers. Among the Indian mathematician,
Aryabhatta (476) wasthe first to give the formulafor the sum of squares and cubes
of natural numbers in his famous work Aryabhatiyam, written around
499. He also gave the formula for finding the sum to n terms of an arithmetic
sequence starting with p™ term. Noted Indian mathematicians Brahmgupta
(598), Mahavira(850) and Bhaskara (1114-1185) also considered the sum of squares
and cubes. Another specific type of sequence having important applications in
mathematics, called Fibonacci sequence, was discovered by Italian mathematician
L eonardo Fibonacci (1170-1250). Seventeenth century witnessed the classification
of seriesinto specific forms. In 1671 James Gregory used theterm infinite seriesin
connection with infinite sequence. It was only through the rigorous devel opment of
algebraic and set theoretic tools that the concepts related to sequence and series
could beformulated suitably.

4

® —
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