Chapter 10

(STRAIGHT LINES )

¢ Geometry, as a logical system, is a means and even the most powerful
means to make children feel the strength of the human spirit that is
of their own spirit. —H. FREUDENTHAL ¢

10.1 Introduction

We arefamiliar with two-dimensional coordinate geometry
from earlier classes. Mainly, it isacombination of algebra
and geometry. A systematic study of geometry by the use
of algebra was first carried out by celebrated French
philosopher and mathematician René Descartes, in hisbook
‘LaGéométry, published in 1637. Thisbook introduced the
notion of the equation of a curve and related analytical
methods into the study of geometry. The resulting
combination of analysis and geometry is referred now as
analytical geometry. In the earlier classes, we initiated -
the study of coordinate geometry, wherewe studied about René Descartes
coordinate axes, coordinate plane, plotting of points in a (1596 -1650)
plane, distance between two points, section formulae, etc. All these concepts are the
basics of coordinate geometry.

Let us have a brief recall of coordinate geometry done in earlier classes. To
recapitulate, the location of the points (6, — 4) and 3,0)
(3,0) inthe X Y-planeis shownin Fig 10.1. 4

We may notethat the point (6, —4) isat 6 units
distance from the y-axis measured a ong the positive
x-axis and at 4 units distance from the x-axis
measured along the negative y-axis. Similarly, the - -=------"~ $(6,-4)
point (3, 0) is a 3 units distance from the y-axis
measured along the positive x-axis and has zero |,
distance from the x-axis. %

We al so studied there following important Fig10.1
formulae:

(0]
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204  MATHEMATICS
| Distance between the points P (x, y,) and Q (x,, y,) is

2
PQ=( %) + (%, - ¥.)’
For example, distance between the points (6, —4) and (3, 0) is

J(3-6)+ (0+4)’ = 9+16=5 units

I Thecoordinates of apoint dividing the line segment joining the points (x, y,)

mx,+Nx; my2+nylw

and (X, y.) interndly, in theratiom: n are )
0e %) Y [ m+n m+n

J
For example, the coordinates of the point which divides the line segment joining

. . . . 1(-3+31
A (1,-3) and B (-3, 9) internally, in theratio 1: 3 are given by X:TSZO
| _19+3.(-3) _
MY =T

IIl. Inparticular, if m=n, the coordinates of the mid-point of the line segment
xtxe Yitys \

2 ' 2 )
IV Area of the triangle whose vertices are (x, Y,), (X, ¥,) and (x,, y,) is

joining the points (x, y,) and (X, y,) are [

1
E| Xl(yz_ y3)+ Xz(ys_ y1)+ X3(y1_ y2)| -

For example, the area of the triangle, whose vertices are (4, 4), (3, —2) and (- 3, 16) is
1 -4
E' 4(-2-16) +3(16—4) + (-3)(4+ 2)| = = 27.

Remark If the area of the triangle ABC is zero, then three pointsA, B and C lie on
aline, i.e., they are collinear.

In the this Chapter, we shall continue the study of coordinate geometry to study
properties of the simplest geometric figure — straight line. Despite its simplicity, the
lineisavital concept of geometry and enters into our daily experiences in numerous
interesting and useful ways. Main focus is on representing the line algebraically, for
which slope is most essential.

10.2 Slopeof aLine
A lineinacoordinate plane formstwo angleswith the x-axis, which are supplementary.
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STRAIGHT LINES 205

Theangle (say) 6 made by thelinel with positive Y
direction of x-axis and measured anti clockwise A
is called the inclination of the line. Obviously
0° <6 <180° (Fig 10.2).

We observe that lines parallel to x-axis, or
coinciding with x-axis, haveinclination of 0°. The

inclination of a vertical line (parallel to or 1800— 0

coinciding with y-axis) is90°.

Definition 1 If 6 is the inclination of a line 0 >X
[, then tan 6 is called the slope or gradient of

thelinel. 4 Fig 10.2

Theslope of alinewhoseinclinationis90° isnot

defined.

The slope of alineis denoted by m.
Thus, m=tan 6, 6 = 90°
It may be observed that the slope of x-axis is zero and slope of y-axis is not defined.

10.2.1 Slope of a line when coordinates of any two points on the line are given
We know that aline is completely determined when we are given two points on it.
Hence, we proceed to find the slope of a

linein termsof the coordinates of two points X
ontheline. l
Let P(x,, y,) and Q(x,, y,) be two Q(x,, 3,)

pointson non-vertical linel whoseinclination
is 6. Obviously, X, # X, otherwise the line
will become perpendicular to x-axis and its P (x, ) /)0 M
slope will not be defined. Theinclination of
the line | may be acute or obtuse. Let us
take these two cases.

Draw perpendicular QR to x-axis and 0

PM perpendicular to RQ as shown in Z [ >X
Figs. 10.3 (i) and (ii). Ko R
Case 1 When angle 6 is acute: Fig10.3()
InFig 10.3 (i), ZMPQ = 6. - (1)
Therefore, slope of linel = m=tan 6.

M —
But in AMPO, we have tang=—1@ Y2~ % e

MP X, —Xx
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206 MATHEMATICS

From equations (1) and (2), we have )(\

Yo~ W N
m=—=——=. Q(xy, y,)

X=X ™
Case |l When angle 6 is obtuse: !
InFig 10.3 (i), we have R
ZMPQ = 180° — 6. ML 180= 0\ P(x,y,)
Therefore, 6 = 180° — ZMPQ. - \e\
Now, slope of thelinel ol r N X

Fig 10. 3 (ii)
m=tan 0

= tan ( 180° — ZMPQ) = —tan ZMPQ

_ MQ_ y-y _YemHh

MP X=X XX
Consequently, we see that in both the cases the slope m of the line through the points

(x,y,) and (x, y,) isgiven by m=2"A

X=X

10.2.2 Conditions for parallelism and perpendicularity of lines in terms of their
slopes In a coordinate plane, suppose that non-vertical lines | and |, have slopes m,
and m,, respectively. Let their inclinations be o and Y

B, respectively. A
_If tlhealti_ne I is par;llgl tol, (Fig 10.4), then their N
inclinationsareequal, i.e., ‘\

o = B3, and hence, tan o = tan 3
Therefore m, =m,, i.e, their slopes are equal.
Conversely, if the slope of two lines|, and |,
issame, i.e., 0

m, = m,.
L =M, Fig 10. 4
Then tan o = tan P.

By the property of tangent function (between 0° and 180°), o = 3.
Therefore, the lines are parallel.
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STRAIGHT LINES 207

Hence, two non vertical lines |, and |, are parallel if and only if their slopes
are equal.

If thelines| and |, are perpendicular (Fig 10.5), then B = o + 90°.

Thereforetan B = tan (o + 90°) Y
1 A
=—cota= —m ‘} I
_ 1
ie, m=""_-"o0o mm=-1
m / o B
Conversely, if my m, = —1ie,tanatanf=-1.  77G N

Then tan a = —cot § = tan ( + 90°) or tan (B — 90°)
Therefore, o and 3 differ by 90°.
Thus, lines |, and |, are perpendicular to each other.

Hence, two non-vertical lines are perpendicular to each other if and only if
their slopes are negative reciprocals of each other,

Fig10.5

: 1 b
e, m,= _H or, mlmz——l.
Let usconsder thefollowing example.

Example 1 Find the slope of the lines:
(a8) Passing through the points (3, — 2) and (-1, 4),
(b) Passing through the points (3, — 2) and (7, — 2),
(c) Passing through the points (3, —2) and (3, 4),
(d) Makinginclination of 60° with the positive direction of x-axis.

Solution (@) Theslope of thelinethrough (3, —2) and (— 1, 4) is
_4-(2_6_3
-1-3 -4 2
(b) The slope of the line through the points (3, —2) and (7, —2) is
m:——Z—(—Z) :9 =
7-3 4

m

0.

(c) Thesdlopeof thelinethrough the points (3, —2) and (3, 4) is
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208 MATHEMATICS

4-(-2_6 :
m = = —, whichisnot defined.

3-3 0
(d) Hereinclination of theline o = 60°. Therefore, slope of thelineis
m=tan 60° = /3.

10.2.3 Angle between two lines When we think about more than one line in a plane,
then wefind that theselinesare either intersecting or parallel. Herewe will discussthe

angle between two linesin terms of their slopes.
LetL, and L, betwo non-vertical lineswith slopes m, and m,, respectively. If o,
and o, are theinclinations of lines L, and L, respectively. Then

m, = tana, and m, = tana,.

We know that when two lines intersect each other, they make two pairs of
vertically opposite angles such that sum of any two adjacent anglesis 180°. Let 6 and
¢ be the adjacent angles between the lines L, and L, (Fig10.6). Then

0=a,-o and o, a, #90°

_tana,-tany,  m,—-m
l+tan tane, 1+mm,

Therefore tan 6 = tan (o, — ) (as1+mm,=0)

and ¢ = 180° — 6 so that

m,—m
t =tan (180° -0 ) =—t == 1+ 0
an ¢ = tan ( 0) an o 1erlmz,as m,m, #
Y L,
A L,
0
¢

/( " >X
v © \/

Now, there arise two cases:

Fig10.6
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STRAIGHT LINES 209

Casel If is positive, then tan 6 will be positive and tan ¢ will be negative,

m;—my

1+ mm,
which means 6 will be acute and ¢ will be obtuse.
m,—m

Casell Ifl+—mlm2

isnegative, then tan 6 will be negative and tan ¢ will be positive,

which means that 6 will be obtuse and ¢ will be acute.
Thus, the acute angle (say 0) between lines L, and L, with slopes m, and m,,

respectively, isgiven by
m;—my
1+ mm,

tanez‘ , 88 1+mm,=0 )

The obtuse angle (say ¢) can be found by using ¢ =180°— 6.
T

1
) and sope of one of thelinesis —, find

Example2 If theangle betweentwo linesis 5

the slope of the other line.

Solution We know that the acute angle 8 between two lines with slopes m, and m,
P, i

isgiven by tan6 = 1+ hm,

. (1)

Letml—E,mz—mande—Z.

Now, putting these valuesin (1), we get

1 1
3 m--=— m-=
tan—= 12 or 1= 12 ,
4 1+=m 1+=m
2 2
1 1
m—E m—E
. . —c =1 or ——&-=-1.
hich gives
whichgv 1+; m 1+E m

Therefore m=3 or m=--.
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210 MATHEMATICS

Hence, slope of the other lineis }\ Lyim=3
1

3or ~3 Fig 10.7 explains the

reason of two answers.

Fig10.7

Example 3 Line through the points (-2, 6) and (4, 8) is perpendicular to theline
through the points (8, 12) and (X, 24). Find the value of x.

Solution Slope of the line through the points (— 2, 6) and (4, 8) is

8-6 2 1
4-(-2) 6 3
Slope of the line through the points (8, 12) and (x, 24) is

24-12 12
7720 8 - x-8
Sincetwo lines are perpendicular,
m, m, = -1, which gives
1 12

—x——=-1 or x=4,
3 x-8 Y

n'!l_:

10.2.4 Collinearity of three points We
know that slopes of two parallel linesare
equal. If two lines having the same slope
pass through a common point, then two
lineswill coincide. Hence, if A, B and C
arethreepointsin the XY-plane, thenthey
will lie on aline, i.e., three points are
collinear (Fig 10.8) if and only if slope of ‘/
AB = dlope of BC. Fig10.8

Slope of AB = slope of BC

>X

~
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STRAIGHT LINES 211

Example 4 Three points P (h, k), Q (x,, y,) and R (X,, y,) lie on aline. Show that
(h - X]_) (yz - yl) = (k - yl) (Xz - Xl)'
Solution Since points P, Q and R are collinear, we have

yl_k — YoV

x=h %=X

Slope of PQ = Slope of QR, i.e,

k- Y1 — Y= Yi
h-x  %-x
or (h - Xl) (yz - yl) = (k - yl) (Xz - Xl)'
Example 5 In Fig 10.9, time and ){\
distancegraph of alinear motionisgiven.
Two positions of time and distance are
recorded as, when T =0, D =2 and when
T =3, D =8. Using the concept of slope,
find law of motion, i.e., how distance
depends upon time.

Solution Let (T, D) be any point on the ,2)
line, where D denotesthe distanceat time -
T. Therefore, points (0, 2), (3, 8) and Time (T)
(T, D) are collinear so that Fig 10.9

8-2 D-8
3-0 T-3
or D=2(T+1),
whichistherequired relation.

or

(T, D)

3,8

Distance (D)

o 6(T-3)=3(D-8)

|EXERCISE 10.1

1. Draw aquadrilateral in the Cartesian plane, whose vertices are (— 4, 5), (0, 7),
(5,—5) and (—4, —2). Also, find its area.

2. Thebaseof an equilateral triangle with side 2a lies aong the y-axis such that the
mid-point of the baseis at the origin. Find vertices of thetriangle.

3. Find the distance between P (x,, y,) and Q (x,, y,) when : (i) PQ is parallel to the

y-axis, (ii) PQisparalel to the x-axis.

Find apoint on the x-axis, which is equidistant from the points (7, 6) and (3, 4).

5. Findthedope of aline, which passesthrough the origin, and the mid-point of the
line segment joining the points P (0, —4) and B (8, 0).

H
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212 MATHEMATICS

6. Without using the Pythagoras theorem, show that the points (4, 4), (3, 5) and
(-1, -1) arethe vertices of aright angled triangle.
7. Findthe slope of theline, which makes an angle of 30" with the positivedirection
of y-axis measured anticlockwise.
8. Find the value of x for which the points (x, — 1), (2,1) and (4, 5) are collinear.
9. Without using distance formula, show that points (— 2, —1), (4, 0), (3, 3) and (=3, 2)
are the vertices of a parallelogram.
10. Findtheangle between the x-axisand thelinejoining the points (3,—1) and (4,-2).
11. The slope of aline is double of the slope of another line. If tangent of the angle

1
between them is § , find the slopes of the lines.

12. A line passesthrough (x,, y,) and (h, k). If slope of the line is m, show that
K—y,=m(h-x).
. . . a_ b
13. If three points (h, 0), (a, b) and (O, k) lie on aline, show that F +E =1
14. Consider thefollowing population and year graph (Fig 10.10), find the Slope of the
lineAB and using it, find what will be the population in the year 20107

Y
4\

102 ¢

o
BN |

(1995, 97)

o
[\

Population in Crores

(1985, 92)

\

87

P ° Py P ° Y A/X

0 1985 1990 1995 2000 2005 2010

Years

Fig 10.10

10.3 VariousFormsof theEquationof aLine

Weknow that every linein aplane containsinfinitely many pointsonit. Thisrelationship
between line and pointsleads usto find the solution of the following problem:
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STRAIGHT LINES 213

How can we say that agiven point lies on the given line? Its answer may be that
for a given line we should have a definite condition on the points lying on the line.
Suppose P (x, y) is an arbitrary point in the XY-plane and L is the given line. For the
equation of L, we wish to construct a statement or condition for the point P that is
true, when Pison L, otherwise false. Of course the statement is merely an algebraic
equation involving the variables x and y. Now, we will discuss the equation of aline
under different conditions.

10.3.1 Horizontal and vertical lines If ahorizontal line L is at a distance a from the

x-axis then ordinate of every point lying on the lineis either a or —a [Fig 10.11 (a)].

Therefore, equation of thelineL iseither y= aory = —a. Choice of sign will depend

upon the position of thelineaccording asthelineisabove or below they-axis. Similarly,

the equation of a vertical line at a distance b from the y-axis is either x = b or
= —b [Fig 10.11(b)].

Y
Y L A L
() y=a A A
< x >L
x==b (__lz__>
“ PN x=b
X € 0 7 >X X'€ 5 >X
o
: N,
<€ ¥ A\ > L
v v
v _ v
Y’ () Fig 10.11 (b) y
=_2 4
Example 6 Find the equations of the lines ™ 5 t
parallel to axes and passing through P -
(-2 3). S 12,3 y=3 "

Solution Position of the lines is shown in the
Fig 10.12. The y-coordinate of every point on

thelineparallel to x-axisis 3, therefore, equation X'€ >X
of theline parallel tox-axisand passing through v o

(-2, 3) isy = 3. Similarly, equation of theline ;{’

parallel to y-axis and passing through (— 2, 3)

isx=-2. Fig 10.12
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214 MATHEMATICS

10.3.2 Point-slope form Suppose that Y
P, (X, Y,) isafixed point on anon-vertical
lineL, whose slopeism. Let P (x, y) bean L
arbitrary point onL (Fig 10.13).
Then, by the definition, the slope of L is P y)
givenby

i_y‘), e, y—y,=m(X—x,)
(1) /

Since the point P, (x,, Y,) along with ) > X
al points (x, y) on L satisfies (1) and no
other pointintheplanesatisfies(1). Equation
(2) isindeed the equation for the givenline L.

m= Py(xp 30) Slope m

Fig 10.13

Thus, the point (x, y) liesonthe line with slope mthrough the fixed point (x,, y,),
if and only if, its coordinates satisfy the equation

y—=Y,= mM(X-Xx)
Example 7 Find the equation of the line through (- 2, 3) with slope — 4.
Solution Here m=—4 and given point (x, y,) is (- 2, 3).

By dope-intercept formformula
(1) above, equation of the given x L
lineis

y—-3=-4(x+2)or
4x + y + 5 =0, which is the
required equation. P (x, y)

10.3.3 Two-point form Let the

line L passesthrough two given Q&
points P, (x,y,) and P, (X, ¥,). N
Let P (x, y) be a general point >
onlL (Fig10.14). 4 0

ThethreepointsP,, P,and Pare Fig 10.14

12
collinear, thereforia, we have
slope of P,P = slope of PP,

e, =2 or yoy, =T (o).
X=X Xo— X1 Xo— X1

P, (x,, 3,)

N
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Thus, equation of the line passing through the points (x, y,) and (x,, y,) is given by

y—yl=u(x—xj) .. (2
X7 X1

Example 8 Write the equation of the line through the points (1, —1) and (3, 5).

Solution Herex, =1,y, =—1, X, = 3 and y, = 5. Using two-point form (2) above
for the equation of the line, we have

5—(-1)
—-(-1 = x—-1
y=(-)=—>7"(x-1)
or —-3x+y+4=0, which isthe required equation.

10.3.4 Slope-intercept form Sometimes a line is known to us with its slope and an
intercept on one of the axes. We will now find equations of such lines.

Case | Suppose aline L with slope m cuts the y-axis at a distance ¢ from the origin
(Fig10.15). The distance c is called the y-

intercept of the line L. Obviously, /Y\
coordinates of the point where theline meet L
the y-axis are (0, ). Thus, L has slope m
and passes through a fixed point (O, c).

Therefore, by point-dopeform, the equation e W 0, )
of Lis o
y—c=m(x-0) or y=mx+c X </ 5 >X
Thus, the point (x, y) on the line with slope
m and y-intercept c lies on the line if and Fig 10.15
onlyif
y=mx+c .(3)

Note that the value of ¢ will be positive or negative according asthe intercept is made
on the positive or negative side of the y-axis, respectively.

Case || Suppose line L with slope m makes x-intercept d. Then equation of L is
y = m(x—d) .. (4

Students may derive this equation themselves by the same method asin Casel.

1
Example 9 Write the equation of the lines for which tan 6 = E where 0 is the

3
inclination of thelineand (i) y-intercept is 5 (ii) x-intercept is 4.
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1 3
Solution (i) Here, sope of thelineism=tan 6 = Eandy- intercept c = — 5

Therefore, by slope-intercept form (3) above, the equation of thelineis
1 3
==—X——or 2y—-x+3=0
y 2 2 y )

which isthe required equation.

1
(if) Here, wehavem=tan 6 = Eandd=4.

Therefore, by slope-intercept form (4) above, the equation of thelineis
y= %(x—4) or2y—x+4=0,

which isthe required equation.

10.3.5 Intercept - form Suppose aline L makes x-intercept a and y-intercept b on the
axes. Obviously L meets x-axis at the point L Y
(a,0) andy-axisat thepoint (0, b) (Fig .10.16). \\"(0 R
By two-point form of the equation of theline, "‘ ¢

we have
y—Ozw(x—a) or ay=-bx+ab, b
0-a .
- X Y_
l1.e., a+ b 1 (a, 0) R

Ok
o
5
V|
\

Thus, equation of the line making intercepts
a and b on x-and y-axis, respectively, is

a b

Example 10 Find the equation of the line, which makes intercepts —3 and 2 on the
x- and y-axes respectively.

Fig 10.16

. (5)

Solution Herea=-3 and b = 2. By intercept form (5) above, equation of thelineis

XY or 2x-3y+6=0.
-3 2
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10.3.6 Normal form Suppose a non-vertical lineisknown to us with following data:

(i) Length of the perpendicular (normal) from originto theline.
(i)  Anglewhich normal makeswith the positive direction of x-axis.

Let L betheline, whose perpendicular distance from origin O be OA = p and the
angle between the positive x-axisand OA be X OA = ®. The possible positions of line
L in the Cartesian plane are shown in the Fig 10.17. Now, our purposeisto find slope
of L and apoint on it. Draw perpendicular AM on the x-axis in each case.

Y

/\L
1

(iii) Fig 10.17 (iv)
In each case, we have OM = p cos ® and MA = p sin w, so that the coordinates of the
point A are (p cos ®, p SiN ).
Further, line L is perpendicular to OA. Therefore
1 1 COS ®

dope of OA " tne sno

Theslope of thelineL =

Thus, theline L has slope — 2> and point A (pcosw, psinm)on it. Therefore, by
sSno
point-slopeform, the equation of thelineL is
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(X—pcos®) or Xcosm+ ysinm= p(sin% + cos?o)

. COsm
y-psino=—-
Snow

or XCOS®+Yysnw=p.

Hence, the equation of the line having normal distance p from the origin and angle ®

which the normal makeswith the positive direction of x-axisisgiven by
XCOS®+ysSnw=p ... (6)

Example 11 Find the equation of the line whose perpendicular distance from the
originis4 unitsand the angle which the normal makeswith positive direction of x-axis
is15°.

Y
Solution Here, we are given p = 4 and 0N
® = 15 (Fig10.18). \
Now cos15° = V3+1
22
J3-1
i 0= ——— )
and sin15 NG (Why?) 4
15'

>X
By the normal form (6) above, the equation of the O _ \
lineis Fig10.18

xcoslso+ysin15°=4or\/2“’_:"\/411 \/:_j/_l =4 or (\@+1)x+(f 1) =82

Thisistherequired equation.

Example 12 The Fahrenheit temperature F and absolute temperature K satisfy a
linear equation. Given that K = 273 when F = 32 and that K = 373 when F = 212.
ExpressK in terms of F and find the value of F, when K = 0.

Solution Assuming F along x-axis and K along y-axis, we have two points (32, 273)
and (212, 373) in XY -plane. By two-point form, the point (F, K) satisfies the equation

K-273=337283 (£ 35y or K-273=22(F_32)
212-32 180
or K :S(F—32)+273 ()

whichistherequired relation.
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When K =0, Equation (1) gives

O=g(F—32)+273 or F—32=—273;X9=— 4914 or F= -4594 .

Alternate method We know that simplest form of the equation of alineisy = mx + c.
Again assuming F along x-axis and K along y-axis, we can take equation in the form
K=mF+c .. (1)
Equation (1) issatisfied by (32, 273) and (212, 373). Therefore
273=32m+c - (2

and 373=212m+c .. (3
Solving (2) and (3), we get

52297
m—ganC— 9

Putting the values of mand cin (1), we get

K=2p 227 - (4)

9 9
which isthe required relation. When K = 0, (4) gives F = —459.4.

We know, that the equation y = mx + ¢, contains two constants, namely,
m and c. For finding these two constants, we need two conditions satisfied by the
equation of line. In all the examplesabove, we are given two conditionsto determine
the equation of theline.

|[EXERCISE 10.2|

In Exercises1to 8, find the equation of the line which satisfy the given conditions:
1. Write the equations for the x-and y-axes.

1
Passing through the point (— 4, 3) with slope 5

Passing through (O, 0) with slope m.
Passing through (2, 2.3 ) and inclined with the x-axis at an angle of 75°.

Intersecting the x-axis at adistance of 3 unitsto the left of origin with slope —2.
Intersecting the y-axis at a distance of 2 units above the origin and making an
angle of 30° with positive direction of the x-axis.

7. Passing through the points (-1, 1) and (2, — 4).

o0~ W DN
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8.

9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

MATHEMATICS

Perpendicular distance from the origin is 5 units and the angle made by the
perpendicular with the positive x-axisis 30°.
The verticesof APQR are P (2, 1), Q (-2, 3) and R (4, 5). Find equation of the
median through the vertex R.

Find the equation of theline passing through (-3, 5) and perpendicular to theline
through the points (2, 5) and (-3, 6).
A line perpendicular to theline segment joining the points (1, 0) and (2, 3) divides
itintheratio 1: n. Find the equation of theline.

Find the equation of aline that cuts off equal intercepts on the coordinate axes
and passes through the point (2, 3).

Find equation of the line passing through the point (2, 2) and cutting off intercepts
on the axes whose sum is 9.

2
Find equation of the line through the point (0, 2) making an angle ?nwith the

positive x-axis. Also, find the equation of lineparallel toit and crossing they-axis
at adistance of 2 units below the origin.

The perpendicular from the origin to aline meetsit at the point (-2, 9), find the
equation of theline.

The length L (in centimetre) of a copper rod is a linear function of its Celsius
temperature C. In an experiment, if L = 124.942 when C = 20 and L= 125.134
when C = 110, expressL in terms of C.

The owner of amilk store finds that, he can sell 980 litres of milk each week at
Rs 14/litre and 1220 litres of milk each week at Rs 16/litre. Assuming alinear
relationship between selling price and demand, how many litres could he sell
weekly at Rs 17/litre?

P (a, b) isthe mid-point of aline segment between axes. Show that equation

X
ofthelineis—+z= 2,
a b

Point R (h, k) divides a line segment between the axes in the ratio 1: 2. Find
equation of theline.

By using the concept of equation of a line, prove that the three points (3, 0),
(-2,—2)and (8, 2) arecollinear.

10.4 General Equationof aLine

In earlier classes, we have studied general equation of first degree in two variables,
Ax+ By+ C= 0, whereA, B and C arereal constants such that A and B are not zero
simultaneously. Graph of the equation Ax + By + C = 0 is always a straight line.
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Therefore, any equation of the form Ax + By + C = 0, where A and B are not zero
simultaneously is called general linear equation or general equation of a line.

10.4.1 Different forms of Ax + By + C = 0 The general equation of a line can be
reduced into various forms of the equation of aline, by the following procedures:

(a) Slope-intercept form If B # 0, then Ax + By + C = 0 can be written as

y——éx—E or y=mx+c 1
S5 (D)
here m——é and C——E

w 5 5

We know that Equation (1) is the slope-intercept form of the equation of aline

A C
whose slope is B and y-intercept is B

C
If B=0,thenx= _K ,which is a vertical line whose slope is undefined and

tercent | _C
x-intercept is =~

(b) Intercept form If C# 0, then Ax + By + C = 0 can be written as

X y X Y
—+—F—==1o0o —+==1
_¢ ¢ a b - (2
A B
h =———andb= =
where a= A and b= B
We know that equation (2) is intercept form of the equation of a line whose
C
x-intercept is —K and y-intercept is —E .

If C=0, then Ax + By + C = 0 can bewritten asAx + By = 0, whichisaline
passing through the origin and, therefore, has zero intercepts on the axes.

(c) Normal form Letxcosm +ysin® = p bethe normal form of the line represented
by the equation Ax + By + C = 0 or Ax + By = — C. Thus, both the equations are

A B _C

cos® Sno p

same and therefore,
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_ Ap . Bp
cosp=——andsno=——
which gives c c
Ap\’ ( Bp)
No sin2m+coszo)=(——) +(——) =1
W C C
2 C? C
p"=——— or p:i—
o A*+B’ JA2+B?
A . B
Therefore cosp =r——and sno =+

/A2+Bz /A2+Bz'
Thus, the normal form of the equation Ax+ By + C= 0is
XCOS®+YysSnm=p,

where COSco=i‘L, sinoo:irL and pziL.
JA?+B? JA?+B? A?+B?
Proper choice of signsis made so that p should be positive.

Example 13 Equation of alineis 3x —4y + 10 = 0. Find its (i) slope, (ii) x - and
y-intercepts.

Solution (i) Given equation 3x — 4y + 10 = 0 can be written as

y—§x+§ 1
2575 - (1)
: : o 3
Comparing (1) withy = mx + ¢, we have slope of the givenlineas m= Z
(i) Equation 3x —4y + 10 = 0 can be written as
e, W X Y (2
3x—4y=-10 or _E+§ 1 (2
3 2
X 10
Comparing (2) with —+%:1, we have x-intercept as a = _E and
a

y-intercept as b = g
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Example 14 Reduce the equation \/§x +y-8= Qinto normal form. Find the values
of pand .

Solution Given equationis
V3x+ y—-8=0 )

Dividing (1) by (\@)2+ (L)% =2, we get

§x+%y=4 or cos30°x+sin30°y=4 .. (2

Comparing (2) withx cos® +y sin® =p, weget p =4 and o = 30°.
Examplel5 Find the angle between the lines y — /3x — 5 = 0and +/3y - x+6=0.

Solution Givenlinesare

y—\/gx—S:OOI’ y=\/§x+5 - (1)
1
and J3y—x+6=00r y:ﬁx—Z\@ .. (2
1

Slopeof line (1) ism, = @andslopeof line (2) ism, = ﬁ
The acute angle (say) 6 between two linesis given by

mz - ml
1+ mm,

tano =

3
Putting the values of m and m, in (3), we get

1
ﬁ_\@ 1-3| 1
tanf = T |= =
1+\@Xﬁ 243 V3

which gives6 = 30°. Hence, angle between two linesis either 30° or 180° —30° = 150°.

Example 16 Show that two linesax+ by+c =0andax+ by +c, =0,
where bl, b2 # 0 are:
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(i) Parallel it 2 =32 and (i) Perpendicular if asa,- bib, = 0.

1 2

Solution Given lines can be written as

a C1

y=-—"—"X-"- (1
b by @
a C2
d y=—"X—= @
" b b @
Slopes of the lines (1) and (2) arem = _& and m, = —ﬁ, respectively. Now
bl 2

(i) Linesareparalel,if m = m,, which gives

by by b b2
(ii) Linesare perpendicular, if m.m, = -1, which gives

a__ar, & 2

%-%z_l oraa, +bb,=0

Example 17 Find the equation of aline perpendicular to theline x- 2y- 3=0 and
passing through the point (1, — 2).
Solution Givenline x- 2y- 3= 0can bewritten as

1%

y:EX"‘E (1)

1
Slopeof theline (1) ism, = 5 Therefore, dope of the line perpendicular toline (1) is

m2 == _2
m,
Equation of the line with slope— 2 and passing through the point (1, —2) is

y—(-2)=-2(x-1) or y= —2x,

which isthe required equation.

2018-19



STRAIGHT LINES 225

10.5 Distanceof aPoint FromalLine

The distance of a point from alineisthe length of the perpendicular drawn from the
point to theline. Let L : Ax + By + C = 0 be aline, whose distance from the point

P (x, Y,) isd. Draw aperpendicular PM from the point P to the line L (Fig10.19). If

Y

N
L:Ax+By+C=0

o) \ R ¥
Fig10.19
the line meets the x-and y-axes at the points Q and R, respectively. Then, coordinates

C C
of the points are Q[_K’ 0jand R [0, _EJ' Thus, the area of the triangle PQR

isgiven by
2 area(APOR
area (APQR) = PM QR , which gives PM —$ .. (1)
1 C C C
Also, area (APQR):E‘ X [0+ E) [_KJ(_E_ylj—l_ 0()’1_0)‘
:1 C yC c?
2 A AB
or  2area(APQR) = ‘ ‘ |Ax;+By,+C|, and
cY.(cC “lc
R = ~ ~ — 2 2
Q \/[0+Aj+( 5 o) B JA?+B

Substituting the values of area (APQR) and QR in (1), we get
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o :| Axi+By,+C|
\/A2+82

d:|AM+Bh+C|

\/A2+ B2
Thus, the perpendicular distance (d) of aline Ax + By+ C = 0 from apoint (x,, y,)
isgivenby

or

d:|AM+Bh+C|
VA+B? Y

10.5.1 Distance between two
parallel lines We know that slopes
of two parallel linesare equal.
Therefore, two parallel lines can be
taken intheform

y=mx+c, .. (1)
and y=mx+c, .. (2
Line (1) will intersect x-axisat thepoint X' <€ - > X
4 A=, 0) 0
__1, 0 . \
A [ m ]asshown in Figl10.20. Fig10.20

Distance between two linesis equal to the length of the perpendicular from point
A toline (2). Therefore, distance between thelines (1) and (2) is

([ i)

1+m? 1+n?

Thus, the distance d between two parallel lines y = mx+ ¢, and y = mx+ c,isgiven by

4=l =G |

N 1+m?

If lines are given in general form, i.e,, Ax+By+ C =0andAx+By+C,=0,
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C,-C |

: d=|1—2

then above formulawill take the form 2 2
\J A°+B

Students can derive it themselves.

Example 18 Find the distance of the point (3, —5) from the line 3x — 4y —26 = 0.

Solution Givenlineis  3x—4y-26=0 .. (1)

Comparing (1) with general equation of lineAx + By + C =0, we get
A=3B=—4andC=-26.

Given pointis(x,, y,) = (3, -5). Thedistance of the given point from given lineis

d=| Ax1+Byl+C|=‘3-3+(—4)(—5)—26|=§
’ A2+BZ 32+(_4)2 5

Example 19 Find the distance between the parallel lines 3x —4y +7 = 0 and

3X—-4y+5=0
Solution HereA =3, B =4, C, = 7 and C, = 5. Therefore, the required distance is
7-5
d=_E-9,¥ _-2
F+(—4) O
|[EXERCISE 10.3|

1. Reduce the following equations into slope - intercept form and find their slopes
and they - intercepts.

(i) x+7y=0, (i) 6x+3y—-5=0, (iii) y =0.
2. Reduce the following equations into intercept form and find their intercepts on
the axes.
(i) 3x+2y—-12=0, (i) 4x—3y=6, (iii)) 3y+2=0.

3. Reducethefollowing equationsinto normal form. Find their perpendicular distances
from the origin and angle between perpendicular and the positive x-axis.

(i) x—/3y+8=0, (i) y-2=0, (i) x-y=4
4. Find the distance of the point (-1, 1) from the line 12(x + 6) = 5(y — 2).

5. Findthe pointson the x-axis, whose distances from theline g +% =Jlare4 units.

6. Find the distance between parallel lines
() 15x+8y—34=0and 15x+8y+31=0 (ii) | (x+y)+p=0andl (x+y) —r =0.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

MATHEMATICS

Find equation of theline parallel totheline 3x—4y+2=0 and passing through
the point (-2, 3).

Find equation of the line perpendicular to the line x — 7y + 5 = 0 and having
X intercept 3.

Find angles between thelines \/3x + y = 1and X+ +/3y = 1.

The line through the points (h, 3) and (4, 1) intersectstheline7x—-9y-19=0.

at right angle. Find the value of h.

Provethat the line through the point (x,, y,) and pardlel tothelineAx+ By + C=0is
A(x—=x)+B(y-y)=0.

Two lines passing through the point (2, 3) intersects each other at an angle of 60°.

If slope of onelineis 2, find equation of the other line.

Find the equation of the right bisector of the line segment joining the points (3, 4)

and (-1, 2).

Find the coordinates of the foot of perpendicular from the point (1, 3) to the

line3x—4y—-16=0.

The perpendicular from the origin to the liney = mx + ¢ meets it at the point

(-1, 2). Find the values of mand c.

If p and q are the lengths of perpendiculars from the origin to the

linesxcosO - ysin® = kcos20 and x sec 6 +y cosec 6 =k, respectively, prove

that p? + 4¢? = K%

InthetriangleABC with verticesA (2, 3), B (4,-1) and C (1, 2), find the equation

and length of altitude from the vertex A.

If pisthelength of perpendicular from the origin to the line whose intercepts on

1 1 1

th b, thenshowthat 2= 21T 3
e axes are a and b, then show pz 2 b

Miscellaneous Examples

Example 20 If the lines 2x+y—-3=0, 5x+ky—3=0 and 3x-y-2=0are
concurrent, find the value of k.

Solution Three lines are said to be concurrent, if they pass through a common point,
i.e., point of intersection of any two lineslieson thethird line. Here given linesare

2x+y-3=0 .. (1)
5x +ky—3=0 - (2
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X-y-2=0 .. (3
Solving (1) and (3) by cross-multiplication method, we get
x _y 1
2-3 —9+4 -2-3
Therefore, the point of intersection of two linesis (1, 1). Since above three lines are
concurrent, the point (1, 1) will satisfy equation (2) so that

51+k.1-3=0o0rk=-2.

oo x=1,y=1,

Example 21 Find the distance of the line 4x—y = 0 from the point P (4, 1) measured
along the line making an angle of 135° with the positive x-axis.

Solution Givenlineis4x—y =10 .. (1)
In order to find the distance of the X

line (1) from the point P (4, 1) along ‘\

another line, we haveto find the point

of intersection of both the lines. For
this purpose, we will first find the
equation of the second line Q(1,4)
(Fig 10.21). Slope of second line is
tan 135° = —1. Equation of the line

with slope — 1 through the point P@4,1)
P@4,1)is 135°
0o \ »X
Fig 10.21
y—-1=-1(xx—-4)orx+y—-5=0 - (2

Solving (1) and (2), weget x = 1 and y = 4 so that point of intersection of the two lines
isQ (1, 4). Now, distance of line (1) from the point P (4, 1) along the line (2)
= the distance between the points P (4, 1) and Q (1, 4).

=\/(1—4)2+(4—1)2=3J§ nits.
Example 22 Assuming that straight lineswork as the plane mirror for a point, find
the image of the point (1, 2) inthelinex—3y + 4=0.
Solution Let Q (h, k) isthe image of the point P (1, 2) intheline
x=3y+4=0 - (1)
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> =

pd
~

X’/

v
Y’ Fig10.22
Therefore, theline (1) is the perpendicular bisector of line segment PQ (Fig 10.22).

_ -1
Hence Slopeof line PQ = Slopeof line x—3y+4=0"

=

at k—2=—

sothat = Z—_= or 3h+k=5 - (2)
h-1 1
3
h+1 k+2)
and the mid-point of PQ, i.e., point o T will satisfy the equation (1) so that
J
h+l_, kJr2)+4:00r h-3k =-3 - (3)
2 2

6 7
Solving (2) and (3), we get h :E and k = E .

6 7
Hence, the image of the point (1, 2) intheline (1) is [g g)
Example 23 Show that the area of the triangle formed by the lines

(o)

y=mx+c,y=mx+c,andx=0is .
1 1 m2 2 2|rnl_m2|
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Solution Givenlinesare Y
y=m,x+tc, A
y=mx+c, .. (1)
y=mx+c, - (2 ‘} ©, ¢, y=mx+c,
x=0 .. (3

We know that liney = mx + ¢ meets
the line x = 0 (y-axis) at the point
(O, ©). Therefore, two vertices of the
triangleformed by lines (1) to (3) are
P (0, ¢) and Q (0, c,) (Fig 10. 23). PY0. c)
Third vertex can be obtained by /

solving equations (1) and (2). Solving / o \ > X

(1) and (2), we get

(c,-q) (me, -myg) Fig 10.23

“mom) YT (momy)

(c,-c¢) (me-mg)
m-m,) "~ (m-m,)

Therefore, third vertex of the triangleisR ((

Now, the area of thetriangle is

2
i (me- ) “mg |_ (<)
_2 o [ M mzCl_Cz + &G (c,-¢)+0 Cl_mlcz mG |_
2 m - m, m - m, m-m, | 2m-—m
Example 24 A line is such that its segment X
between the lines
5x—y+4=0and 3x+4y—4=0isbisected at the Lo B)
point (1, 5). Obtain itsequation.
Solution Given linesare
5x—y+4=0 - (@
3X+4y—-4=0 - (2 > (1, 5)
Let therequired lineintersectsthelines(1) and (2)
at the points, (o, B,) and (o, B,), respectively L | (o By
(Fig10.24). Therefore N
5o, =B, +4=0and 4.0 b
3a,+4p,-4=0
Sx-y+4=0 Y 3x+4y-4=0
Fig 10.24
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4-3u
or B, =50, +4and [32=TZ.

We are given that the mid point of the segment of the required line between (o, 3,)
and (a.,, B,) is (1, 5). Therefore

auta, =1 and ﬁ1+ﬁ2:5

S0, + 4+ 4= 30
or a, +0,=2 and 5 4 -g
or o +o,=2and 200, —3a, =20 £ (B)
Solving equationsin (3) for o, and o, we get
26 q _20 4 B 526+4 222
a = —— — D :—.
1703 and o, >3 and hence, p; 3 23

Equation of the required line passing through (1, 5) and (c,, B,) is

222 5
-5 A
y—5=Bl—(X—1)or y—5=%(x—l)
an—1 ) 9
23
or 107x—-3y—-92 =0,

whichisthe equation of required line.

Example 25 Show that the path of a moving point such that its distances from two
lines3x—2y =5and 3x + 2y = 5 are equal isastraight line.

Solution Given linesare
3X—-2y=5 .. (D
and 3X+2y=5 .. (2
Let (h, k) isany point, whose distances from the lines (1) and (2) are equal. Therefore
Bh—2k-5 |3n+2k-5
Jorda  Jo+a
which gives3h—2k—-5=3h+2k-5o0r —(3h—2k-5) =3h + 2k —5.

or [3h—2k -5/ =[3h+2k -5
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5
Solving these two relationswe get k= 0 or h = . Thus, the point (h, k) satisfies the

3

5
equationsy = 0 or x = —, which represent straight lines. Hence, path of the point

3

equidistant from the lines (1) and (2) isastraight line.

10.

11.

12.

Miscellaneous Exercise on Chapter 10

Find the values of k for which the line (k-=3) x— (4 - k) y+ k* -7k + 6 =0 is
(@) Paralel tothe x-axis,

(b) Paralel tothey-axis,

(c) Passingthroughtheorigin.

Find thevaluesof 6 andp, if the equation x cos0 +y sin® = pisthenormal form
of theline \/[3x+y+2=0.

Find the equations of the lines, which cut-off intercepts on the axes whose sum
and product are 1 and — 6, respectively.

X
What are the points on the y-axis whose distance from the line 3 +% =1lis

4 units.

Find perpendicul ar distancefrom theoriginto thelinejoining the points(cos, Sn 6)
and (cos ¢, sin ¢).

Find the equation of the line parallel to y-axis and drawn through the point of
intersection of thelines x—7y +5=0and 3x +y =0.

X
Find the equation of aline drawn perpendicular to theline Z + % =lthroughthe

point, where it meets the y-axis.

Find the area of the triangle formed by thelinesy—x=0,x+ y=0andx—k= 0.
Find the value of p so that the threelines3x+ y—2= 10, px+ 2y—-3= 0and
2x—y—3= 0 may intersect at one point.

If three lineswhose equationsarey = mx+ ¢,y =mx+c,andy = mx+c, are
concurrent, then show that m(c,—c,) + m,(c,—c) + m,(c, —c,) =0.

Find the equation of the linesthrough the point (3, 2) which make an angle of 45°
with thelinex — 2y = 3.

Find the equation of the line passing through the point of intersection of thelines
4x + 7y —3 =0and 2x— 3y + 1 = 0 that has equal intercepts on the axes.
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13.

14.
15.

16.

17.

18.

19.

20.

21.

22.

23.

24.
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Show that the equation of theline passing through the origin and making an angle

y m=*tan,

; ; =MmMX+Cis = =
0 with theline Y x  1¥mtan, -

Inwhat ratio, thelinejoining (-1, 1) and (5, 7) isdivided by thelinex + y = 4?
Find the distance of the line 4x + 7y + 5 = 0 from the point (1, 2) along the line
2Xx—-y=0.

Find the direction inwhich astraight line must be drawn through the point (1, 2)
so that its point of intersection with the line x + y = 4 may be at a distance of
3unitsfromthispoint.

The hypotenuse of a right angled triangle has its ends at the points (1, 3) and
(-4, 1). Find an equation of the legs (perpendicular sides) of the triangle.

Find theimage of the point (3, 8) with respect to the line x +3y = 7 assuming the
lineto beaplane mirror.

If thelinesy =3x+1and 2y =x+ 3areequally inclined to theliney = mx + 4, find
the value of m.

If sum of the perpendicular distances of a variable point P (x, y) from the lines
x+y—-5=0and 3x—2y+7=0isaways 10. Show that P must move on aline.
Find equation of the linewhichis equidistant from parallel lines9x+ 6y—-7=0
and3x+2y+6=0.

Aray of light passing through the point (1, 2) reflectson the x-axisat point A and the
reflected ray passes through the point (5, 3). Find the coordinates of A.

Prove that the product of the lengths of the perpendiculars drawn from the

points (\/a2 b’ ,O) and (—\/a2 —b’ ,O)to theline gcose +%sin6 =1is b*,

A person standing at the junction (crossing) of two straight paths represented by
the equations 2x— 3y +4 =0 and 3x + 4y — 5 = 0 wantsto reach the path whose
equation is6x — 7y + 8 = 0 in the least time. Find equation of the path that he
shouldfollow.

Summary

4 Sope (m) of anon-vertical line passing through the points (x,, y,) and (X, Y,)

isgivenby m=Y2~Y1_Y:17 Yo X, # X,
Xo=X X=X

+ If aline makes an angle &with the positive direction of x-axis, then the slope

of thelineisgiven by m=tan o, o # 90°.

4 Slopeof horizontal lineiszero and slope of vertical lineisundefined.
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¢ An acute angle (say 0) between lines L, and L, with slopes m, and m, is

m-m
1+mm,
¢ Two linesare parallel if and only if their slopes are equal.

@ Two lines are perpendicular if and only if product of their slopesis—1.

@ ThreepointsA, B and C are collinear, if and only if slope of AB = dope of BC.

¢ Equation of the horizontal line having distance a from the x-axis is either
y=aory=-—-a

% Equation of the vertical line having distance b from the y-axis is either
X=borx=-h.

4 Thepoint (x, y) liesonthelinewith slope mand through the fixed point (x , y.),
if and only if its coordinates satisfy the equationy —y, = m (X — X).

4 Equation of the line passing through the points (x,, y,) and (X, ¥,) isgiven by
y-y,= 22D (x-x).

Xy

2

given by tand = Jd+mm, 0

% Thepoint (x, y) onthelinewith slope m and y-intercept c lieson thelineif and
only ify=mx+c.

¢ If aline with slope m makes x-intercept d. Then equation of the line is
y=m (X —d).

# Equation of a line making intercepts a and b on the x-and y-axis,

Xy
tively,is =+ =1,
respectively, is =+

4 Theeguation of thelinehaving normal distancefrom origin p and angle between
normal and the positive x-axis® isgivenby xcosw- ysino = p.
@ Any equation of the form Ax + By + C = 0, with A and B are not zero,

simultaneoudly, is called the general linear equation or general equation of
a line.

4 The perpendicular distance (d) of aline Ax+ By+ C= 0fromapoint (x, y,)
| Ax, +By,+C|

VAZ+B?

¢ Distance between the parallel linesAx+ By + C =0andAx+ By + C, =0,

isgiven by d=

| Ci-c

isgivenby d=
A*+B?
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