Chapter 5

COMPLEX NUMBERSAND
QUADRATIC EQUATIONS

5.1 Overview

We know that the square of areal number is aways non-negative e.g. (42 = 16 and
(= 4)2 = 16. Therefore, square root of 16 is £ 4. What about the square root of a
negative number? It is clear that anegative number can not have areal squareroot. So
we need to extend the system of real numbersto a system in which we can find out the
square roots of negative numbers. Euler (1707 - 1783) was the first mathematician to

introduce the symbol i (iota) for positive squareroot of —1i.e., i = J—_l

5.1.1 Imaginary numbers
Square root of anegative number is called an imaginary number., for example,

-G = i3, - JVT -7

5.1.2 Integral powers of i
i=-1,i2=—1,i%=i%i =—i,i%= (i 2?=(-1)?= 1

Tocomputei”for n>4, wedividen by 4 and writeit intheformn =4m+ r, where mis
quotient and r isremainder (0<r < 4)

Hence "= =L (i = @Ay =1
For examp|e’ (i)39 = | 4x9+3 =(i4)9 . (i)3 =B=—j
and G)-435 =—j-(@x108+3 = (i)—(4><108) ) (i)_g

1 1 i

= —= ==
(R OMN O
(i) If aandb are positive real numbers, then

Jmax b= J1Jaxb=ivaxiJo= —Jab
(i) Ja.«b = fab if aand b are positive or at least one of them is negative or
zero. However, \/5\/5 # \/a_bif a andb, both are negative.
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5.1.3 Complex numbers
(@) A number which can bewrittenintheforma +ib, wherea, barereal numbers
andi= J—_l is called acomplex number.
(b) If z=a+ ibisthe complex number, then aand b are called real and imaginary
parts, respectively, of the complex number and writtenasRe (2) =a, Im (2 = b.

(c) Order relations “greater than” and “less than” are not defined for complex
numbers.

(d) If theimaginary part of acomplex number iszero, then the complex number is
known as purely real number and if real part is zero, then it is called
purely imaginary number, for example, 2 is a purely real number because its
imaginary partiszero and 3i isapurely imaginary number becauseitsreal part
iszero.

5.1.4 Algebra of complex numbers

(8) Two complex numbersz, =a+ibandz =c+ idare said to be equal if
a=candb=d.

(b) Letz =a+ibandz = c+idbetwo complex numbers then
z+z,=(@a+c)+i(b+d.
5.1.5 Addition of complex numbers satisfies the following properties

1. Asthe sum of two complex numbers is again a complex number, the set of
complex humbersis closed with respect to addition.

2. Addition of complex numbersis commutative, i.e.,z +z,= z,+2
3. Addition of complex numbersis associative, i.e, (z +z) +z,= z + (z, +2)

4. For any complex number z=x+iYy, thereexist 0, i.e., (0 + Oi) complex number
such that z+ 0= 0+ z=z, known asidentity element for addition.

5. For any complex number z = X +1iy, there always existsanumber —z=—-a —ib
such that z+ (- 2) = (— 2 + z= 0 and is known as the additive inverse of z
5.1.6 Multiplication of complex numbers
Letz =a+ibandz = c+id betwo complex numbers. Then
z,.z,=(a+ib) (c+id)=(ac —bd) + i (ad + bc)
1. Astheproduct of two complex numbersisacomplex number, the set of complex
numbersis closed with respect to multiplication.

2. Multiplication of complex numbersis commutative, i.e., 2,.2,=2.7
3. Multiplication of complex numbersis associdtive, i.e, (z.2) . z,=z . (2.2)
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4. For any complex number z=X + 1y, there existsacomplex number 1, i.e., (1 + Q)
such that

z.1=1.z=2z known asidentity element for multiplication.
: . 1
5. For any non zero complex humber z =x + i y, there exists acomplex number >

_a-ib
a+ib a%+b?’

11
such that Z-E= E z=1,i.e, multiplicativeinverseof a +ib=

6. For any three complex numbers z, z, and z, ,
z2.(3tz)=2.2,+27 .7
and @,+2).2=2.2,%7 .2
i.e., for complex numbers multiplication isdistributive over addition.
517Letz =a+ibandz(#0)=c+id. Then

_z_a+b_(acibd) . (bc-ad)
10z, c+id P4d? c?+d?
5.1.8 Conjugate of a complex number

Let z=a + ib be acomplex number. Then acomplex number obtained by changing the
sign of imaginary part of the complex number iscalled the conjugate of zand it isdenoted
by Z,i.e,Z=a-ib.

Note that additive inverse of z is—a —ib but conjugate of zisa —ib.

We have:

2. z+Z=2Re(d,z-Z=2ilm(2
3. z=7Z,ifzispurely real.

4. z+ 7 =0& zispurely imaginary
5 z.Z={Re(2)}?*+{Im(2)}2.

6. (z+2)=%3+%,(3-2)=3% -7

— o[z @ -
7 @)@ @) 2 - 270
r2) 2)
5.1.9 Modulus of a complex number
Let z=a+ ibbeacomplex number. Then the positive square root of the sum of square
of real part and square of imaginary part is called modulus (absolute value) of zand it

is denoted by || i.e.,|z|=,/a2 +b?
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In the set of complex numbers z, > z, or z, < z, are meaningless but
|2 >[z:] or |2] <|z]

are meaningful because |z | and |z,|are real numbers.

5.1.10 Properties of modulus of a complex number

1
2.
3.

10.

11.

|7 =0 & z=0ie,Re(=0andIm (2 =0
14=12|=1-4

-4 < Re@<|gd and -|7 <Im(® < |7
27 =4 [2]- 1

|z

=i (227&0)

A

|2+ 2" =[a]*+|2[ +2Re (2,)
|z, - 22|2 =|21|2+|22|2—2Re (77,
|2+ 2| <|2| +|Z]

|2- 2| >3] |z

|az,~ bz, + |bz +az,[* = (a2 +b%) |z +|z[)
Inparticular:
2 2 2 2
l2-2f +|z+z[ =2 (2] +|z|)
As stated earlier multiplicative inverse (reciprocal) of a complex number
z=a+ib (#0)is

4
z

2

|z 2,|=|z| |z,

5.2 Argand Plane

A complex number z= a + ib can be represented by a unique point P (a, b) in the
cartesian plane referred to a pair of rectangular axes. The complex number O + Qi
represent theorigin 0 (0, 0). A purely real number a, i.e,, (a+ 0i) isrepresented by the
point (a, 0) onx - axis. Therefore, x-axisiscalled real axis. A purely imaginary number
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ib,i.e., (0 +ib) isrepresented by the point (0, b) ony-axis. Therefore, y-axisis caled
imaginary axis.

Similarly, the representation of complex numbersas pointsinthe planeisknown as
Argand diagram. The plane representing complex numbersas pointsis called complex
plane or Argand plane or Gaussian plane.

If two complex numbers z, and z, be represented by the points P and Q in the complex
plane, then

|2-2| =PQ
5.2.1 Polar form of a complex number

Let P be a point representing a non-zero complex number z = a + ib in the
Argand plane. If OP makes an angle 6 with the positive direction of x-axis,
then z =r (cosb + isingd) is called the polar form of the complex number, where

b
r=|z|= ya* +b* and tan6 = = Here 0 is called argument or amplitude of zand we

writeit asarg (2 = 0.
The unique value of 6 such that —t < 6 <m is called the principal argument.

ag(z .z)=ag(z)+ag(z)

arg [%J =ag (z,) - ag (2)

5.2.2 Solution of a quadratic equation

The equations ax? + bx + ¢ = 0, wherea, b and ¢ are numbers (real or complex, a# 0)
iscalled thegeneral quadratic equationinvariablex. Thevaluesof thevariable satisfying
the given equation are called roots of the equation.

The quadratic equation ax? + bx + ¢ = 0 with real coefficients has two roots given

-b+JD —b-JD
by ZaJ_ and 2a\,_ , where D =b?—4ac, called thediscriminant of theeguation.

1. When D =0, roots of the quadratic equation are real and equal. When D > 0,
roots are real and unequal.
Further, if a, b, ce Q and D isaperfect square, then the roots of the equation
arerational and unequal, and if &, b, c € Q and D is not a perfect square, then
the roots areirrational and occur in pair.
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the roots

—b o
(o +p) = = and the product of theroots ( o . B) = 3

When D < 0, roots of the quadratic equation are non real (or complex).
2. Let o, B bethe roots of the quadratic equation ax? + bx + ¢ = 0, then sum of

3. Let Sand Pbethe sum of roots and product of roots, respectively, of aquadratic
equation. Then the quadratic equation is given by x23—Sx+ P=0.

5.2 Solved Exmaples

Short Answer Type
Example 1 Evaluate: (1 +1)°+ (1 -i)?

Solution (L+iF={(1+i)F3=(L+i2+2AP=(1-1+2iF =8i*=—8i

and (1-i)p3=1-P3—3i+32=1+ -3 —3=-2-2i
Therefore, (L+i)f+(L—if=-8—-2-2=—2-10

1
.- X
Example 21f (x+iy)® = a+ib, wherex,y,a,be R, show that 5—%

1
Solution (x+iy)® = a+ib
= X+iy=(a+ib)®
i€, x+iy=2a +i*b*+ 3iab (a +ib)
=a® —ib® + i3a%h — 3ab?
=& —3a? +i (38— b

= x= a —3arandy = 3ab-b
X y
Thus a=a2—3b2and6= 3a2 — k?
Xy
So, STp @ oW o= 2@ -2 =2 (@ D),

Example 3 Solve the equation Z = 7, wherez=x + iy

Solution 22=Z = X2 — y* +i2xy= x—1iy
Therefore, x> — y* = x - and Xy=-y - (2

2(a+ b))
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1
From (2), wehave y=0o0rx= 5

Wheny =0, from (1), weget X*—x=0, i.e,x=0orx=1.

Wh ——Ef 1 2_1+l 2—§ H _+J§
en X = > rom (1), we get y* = 273 or y*= 2 i.e, y-_T.
Hence, the solutions of the given equation are
1 3 1 .43
0+i0,1+10, ——+iJ—_,———I£.
2 2 2 2

2z+1

1 is—2, then show that the locus of the point
iz+
representing zin the argand planeisastraight line.

Example4 If theimaginary part of

Solution Letz=x+1iy. Then
2z+1  2(x+iy)+1  (2x+1)+i2y
iz+1  i(x+iy)+1l  (I-y)+ix
_{@x+D+izyy {d-y)-ix
C {@-y)+id {@-y)-i%
(2x+1-y) +i (2y—-2y? —2x%-x)

N 1+ y? —2y+x?

- " 2z+1) 2y-2y°-2x*-x

v iz+1) 1+ y?-2y+x°
But im [ 2222 ) (Given)

iz+1 )
2y-2y*-2x*-x__

0 1+ Y2 -2y + X2
= 2y =22 =2 —X=—=2 =2y + 4y — ¢
i.e, X + 2y — 2 =0, which isthe equation of aline.

Example5 If |z2 —1| :|z|2 +1, then show that zlies on imaginary axis.

Solution Letz=x+iy. Then |Z2-1]|=]|z|*+1
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= |x2—y2—1+i 2><y|:|x+iy|2 +1
- (X2 — y2 —1)2 + 4x2y2 = (X2 + Y2 + 1)
= 42=0 i.e., x=0

Hence zlies on y-axis.

Example 6 Let z and z, be two complex numbers such that Z +iZ, =0 and
arg (z, z)) = m. Then find arg (z).

Solution Giventhat Z +iZ,=0

= 2=z, i.e,2,=-iz
Thus ag(z z)=agz +ag(-iz)=m=n
= ag (-iz)=n
= ag(—i) +arg () =n
= ag(-i) +2ag(z)=mn
= _—Zn+23fg(21)=ﬂ
_3n
= ag(z) = -,

Example 7 Let z and z, be two complex numbers such that |z + z,|= |z |+|z,|-
Then show that arg (z) —arg (z) = 0.

Solution Letz =r (cosd, +isn0)andz, =r, (cosb, +isin 6,)

where ro=|z|. ag (z)=6,r,= |z|, ag (z) =6,

Wehave, |z+2)]=|z|+|z)]

= |r, (cos6, +cos6,)+r, (cos0, +sn0,)|=r+r,

L2+ 1+ 2nr, 008(0, —6,)=(r, +1,)* = cos (8, - 6,) =1
=06,-0, ieagz =agz

Example 8 If z,, z, z, are complex numbers such that

1

1 1
. + ” + 7|~ then find the value of |z+2,+2).

Solution - |z| =[z|=[z| =1

|z = |z|=|z| =
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= |2 =]z =|z[ =1
= 22=2%=27%~1
= Zzi,—zzijg:i

4 4]
Given that i+i+i =1

4 5, 4

= Z+Z,+Z|=1,ie, [z+2+2|=1
= |lz+2,+z|=1

Example 9 If acomplex number zliesintheinterior or on the boundary of acircle of
radius 3 units and centre (— 4, 0), find the greatest and least values of |z+]].

Solution Distance of the point representing z from the centre of the circle is
|z—(=4+i0)| = |z+4].

According to given condition |z+4|<3.

Now |z+1=|z+4-3<| z+4|+|-3 <3+3=6

Therefore, greatest value of |z + 1] is 6.
Since least value of the modulus of a complex number is zero, the least value of

|z+1]=0 .
Example 10 Locate the points for which 3<|7| < 4
Solution |2 < 4= x*+y*<16whichistheinterior of circlewith centreat originand

radius4 units, and |z > 3= x? +y?>9whichisexterior of circlewith centreat origin

and radius 3 units. Hence 3 < |7 < 4isthe portion between two circlesx? + y2=9 and
X2+ y? = 16.
Example 11 Find the value of 2X' + 5x* + 7x* — X + 41, when X = — 2 — /3

Solution x+2==f3i = ¥ +4x+7=0
Therefore 2X+53+7x2—X+41l=(+4x+7) (22 —3x+5)+6
=0x(2x¢—-3x+5)+6=6.
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Example 12 Find the value of P such that the difference of the roots of the equation
X*—Px+8=0is2.

Solution Let a, B be the roots of the equation x2—Px+ 8=0
Therefore o+p=Pand a.p=8.

Now a-B=tf(a +B) —4ap

Therefore 2= iJPZ -32

= PP-32=4,ie,P=16.
Example 13 Find the value of a such that the sum of the squares of the roots of the
equation X2 —(a—2) x—(a+ 1) =0isleast.
Solution Let a, B be the roots of the equation
Therefore, a+p=a—-2and afp=—(a+1)
Now o’ + B2 = (o + B — 20
=(a-2°+2(@+1)
=(a-12+5
Therefore, o2+ B2will beminimumif (a—1)2=0,i.e,a=1

Long Answer Type
Example 14 Find the value of k if for the complex numbers z, and z,

=22 -z~ %[ = ka-|z[) @z
Solution

L.H.S = |1—flzz|2 —|21— 22|2
= (1-22) 1-Z2,) - (z-2) (3-1)
= 0-22) 1-2%) —(3-2)(Z-1)
=1+2z7 z7,-27 - 77,
= 14z*- [2f - [a|* -]z
= @-|zf) a- |z

RH.S =k (1- |z[) @-|z[)
= k=1
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Hence, equating LHS and RHS, we get k = 1.

Example 15 If z and z, both satisfy z+ z=2|z-1] arg (z, - z) = g then find

Im(z, +z).
Solution Letz=x+1iy,z =x +iy and z,= X, +1y,.

Then z+ 7= 2z-1
= (x+iy) + (x—iy) = 2 |x=1+iy|
= 2x=1+y? - (1)

Since z, and z, both satisfy (1), we have
2x =1+y?..and2x,=1+y?

= 2(x, =%) =, +y) (Y,-Y,)
= 2 =(y,+Y) [Mj (2
X=X
Agan 2, —2,= (X, =X%,) +i(y,—V,)
Therefore, tan® = A-Y2 where = arg (z,-2)
X=X
T Yi—Y, . i
tan— =21 22 _=

— an4 =%, (smcee 4]
ie., 1= 5" Y2

=%

From (2), weget2=y +vy, i.e,Im(z, +z) =2

Objective Type Questions

Example 16 Fill inthe blanks:
(i) Thereal value of ‘a for which 3i®—2ai?+ (1 —a)i + 5isred is
(i) If|z]=2 and arg ) = g , then 2=

(iiiy Thelocus of z satisfying arg (2) = gis

(iv) Thevaueof (—/-1)**%, wherene N, is
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(v) The conjugate of the complex number E is

(Vi)
(vii)

1+1

If a complex number liesin the third quadrant, then its conjugate liesin
the
If (2+i)(2+2) (2+3i)..(2+ni)=x+iy,then5.8.13... (4+n? =

Solution

(i)

(i) z
(i)

(iv)

(v)

(Vi)

(vii)

3id—2ai2+(1-a)i +5=-3i+2a+5+ (1 -a)i
=2a+5+(-a-2)i,whichisred if—a—-2=0i.ea=-2.

|z|(cosz+|sm j (J_ \/_j J2(1+i)

Let z=x +iy. Thenitspolar formisz=r (cos 6 +i sin 6), wheretan g—Y and
X

0 isarg (2). Given that ezg . Thus.

tan %: ;{ :>y:J§x,Wherex>0,y>O.

Hence, locus of zisthepartof vy —/3x inthe first quadrant except origin.

Here (_\,__1)4n—3:(_i)4n—3=(_i)4n (_i)—3 :LS

(i)
1 1 1
=ETiTET
10 i Wit-A 1-1-20
i i 1 147 1+1

Hence, conjugate of E isi.

1+i
Conjugate of acomplex number istheimage of the complex number about the
x-axis. Therefore, if anumber liesin the third quadrant, then itsimageliesin

the second quadrant.
Giventhat (2+1i) (2+2i) (2+3i) ... (2+ni) =x+1iy - (1)

= (2+1) (Z+2) (2+3)...2+ 1) = (x+iy)=(x-iy)
e, (2-0)(2-2)(2-3i)..(2-ni)=x—iy - (2
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Multiplying (1) and (2), we get 5.8.13 ... (4 + n?) =X + Y2

Example 17 State true or false for the following:

() Multiplication of a non-zero complex number by i rotates it through a right
angleinthe anti- clockwise direction.
(i) The complex number cosd + i sinB can be zero for some 6.
(i)  1f acomplex number coincideswith its conjugate, then the number must lieon
imaginary axis.
(iv) Theargument of the complex number z= (1 +i+f3) (1 +i) (cos® +i sin 6) is
Vs 0
—+
12
(v) The points representing the complex number z for which |z+1| <|z-] liesin
the interior of acircle.
(vi) If three complex numbers z, z, and z, arein A.P, then they lieon acirclein
the complex plane.
(vii) If nisapositive integer, then the value of i" + (i)™+ (i)™2 + (i)"*3isO.
Solution
(i) True. Let z=2 + 3i be complex number represented by OP Theniz=-3 + 2i,
represented by OQ, whereif OPisrotated in the anticlockwise direction through
aright angle, it coincideswith OQ.
(i) False. Because cosO + isind = 0 = cosb = 0 and sin® = 0. But there is no
value of 6 for which cosb and sinf both are zero.
(i) False, because x + iy =x —iy =y = 0= number lies on x-axis.
(iv) True arg(2 =arg (1+i4/3) +arg (1 +i) + arg (cosh + isinb)
7
R S
3 4 12
(v) False, because |x+iy+1] <|x+iy—1|
= (X +1)2+ y2< (x —1)2+ y2 which gives 4x < 0.
(vi) False, becauseif z,,z,andz,arein A.P, then z,= 4 ;ZS = z,isthe midpoint
of z and z,, which implies that the points z, z, z,are collinear.
(vii) True, because i+ (i)™ + (i)"2+ (i)™3

=i"@A+i+ 2+ =i"(@A+i-1-i)
=i"(0)=0
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Example 18 Match the statements of column A and B.

ColumnA ColumnB
(@) Thevaueof 1+i2 +i4+ i+ ..i®is (i) purely imaginary complex number
(b) The value of i-1%97 js (i) purely real complex number
(c) Conjugateof 1+iliesin (iii) second quadrant
2 .
(d) ERr liesin (iv) Fourth quadrant
(e) Ifa, b ce Randb?-4ac <0, (v) may not occur in conjugate pairs

then the roots of the equation
ax2+ bx + ¢ =0 are non red
(complex) and

(f) Ifa,b,ce Randb?-4ac >0, (vi) may occur in conjugate pairs
and b?—4ac is a perfect
square, then the roots of the
equation ax2+bx+c=0

Solution

(@) & (ii), because 1 + i2+i*+i® + ... +i®

=1-1+1-1+..+1=1(whichispurely areal complex number)

. . 1 1 1 1 i .
(b) < (i), because i7" = i N ORGS0 BT =l
whichispurely imaginary complex number.
(c) < (iv), conjugateof 1 +iis1—i, whichisrepresented by the point (1,-1) in

the fourth quadrant.
(d) < (i), because T2 B2 LIRS 103 hichis
1-i -1 1+i 2 2 2

represented by the point (— ; ‘;"j in the second quadrant.

(e) < (vi),If b2—4ac <0=D <0, i.e, squareroot of D isaimaginary

—b + Imaginary Number
2a

number, therefore, roots are x— ,1.e., rootsarein

conjugate pairs.



COMPLEX NUMBERS AND QUADRATIC EQUATIONS 87

(f) < (v), Consider the equation x> — (5 + f2) x+5 /2 =0, wherea = 1,
b=—(+,2).c=52,clearlya b ce R.
Now D =h?2—4ac={-(5+ 2)}2- 4152 = (5- 2)>
5+ 2 +5-42

Therefore x = — 5 = 5,2 which do not form aconjugate pair.

S4n+l  an-1

Example 19 What is the value of IT?

i4n+1_i4n—l i4ni _ i4ni—l

Solution i, because =
2 2
1
- L - i1 ___2 =i
2 2 2
Example 20 What is the smallest positive integer n, for which (1 +i)*= (1 —i)*"?
.\ 2n
. . . 1+i
Solution n=2, because (1 + i)' = (1-i)*= [ﬁ} =1
= (i)>=1whichispossibleif n =2 (s 14=1)
Example 21 What is the reciprocal of 3+ /7 i
. . Z
Solution Reciprocal of z= W
z
3-\7i 3 [T
Therefore, reciprocal of 3 + i= = ———
'P N TR TRT:

Example 22 If z = \f3+iy3and z, = \[3+ i, then find the quadrant in which

&)
s Bl (36, (o-5)

Solution —
Zz \Ié +1i 4 4

which is represented by apoint in first quadrant.
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{5+ 12i +,/5-12i
, , .
Example 23 What is the conjugate of J5+12i —J5—12i ’

Solution Let

- \5+12i +/5-12i y J5+12i +,/5-12i
J5+12i —4[5-120  |[5+12 +4/5-12i

_ 5+12i +5-12i+ 2./25+144

5+12i-5+12i
3 3 3
== = — =0——I
2 -2 2

3.

Therefore, the conjugate of z=0 + —2|
Example 24 What is the principal value of amplitude of 1 —i ?
Solution Let © bethe principle value of amplitude of 1 —i. Since

tanb=-1=tan6 = tan(—ﬂj =0=-C
4 4
Example 25 What is the polar form of the complex number (i%)3?
Solution z = (B)3=(i)® = i#®3 = (j4)8 ()3

=iB=—i=0-i

Polar form of z=r (cos 0 + i SinB)

e e 5]

= cosE [ sinE
T2 2
T
Example 26 What isthe locus of z if amplitudeofz—2—-3 is Z?

Solution Letz=x+iy. Then z—2-3i=(x-2) +i (y—3)

w

Let 6 be the amplitude of z—2 — 3i. Then tand==—
X_

<
N

T y-3(. T
tan— =——| Incebf = —
= 4 x—Z( 4)
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= 1:3/;3 i.e.x—-y+1=0

Hence, the locus of zisastraight line.

Example 27 If 1—i, isaroot of the equation x* + ax + b= 0, where a, be R, then
find the values of aand b.

-a
Solution Sum of roots T: A-Dp+@+i)=a=-2

(since non real complex roots occur in conjugate pairs)
b : .
Product of roots, 1 =1-i)A+i) =>b=2

Choose the correct options out of given four optionsin each of the Examplesfrom 28
to 33 (M.C.Q.).
Example28 1+i2+i*+i°+ ... +i*is
(A) postive (B) negative
© o (D) can not be evaluated
Solution (D), 1+i2+i4+i¢+..+i2n = 1-1+1-1+..(-1)"
which can not be evaluated unless n is known.
Example 29 If the complex number z =x + iy satisfies the condition | z+1| = 1, then
zlieson
(A) x-axis
(B) circlewith centre (1, 0) and radius 1
(C) circlewith centre (-1, 0) and radius 1
(D) y-axis
Solution (C), |z+1=1 = |(x+D)+iy| =1
= (x+1p +y*=1
whichisacircle with centre (-1, 0) and radius 1.
Example 30 The area of the triangle on the complex plane formed by the complex
numbersz, —izand z+ izis:
A) |7 ®) |z}
ki

© 5

(D) none of these
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Solution (C), Let z=x +iy. Then —iz =y — ix. Therefore,
ztiz=(x-y)+i(x+y)

1 2
Required area of the triangle = E(x2 +y%) = %
Example 31 The equation |z+1-i| =|z—1+i| represents a
(A) straightline (B) circle
(C) parabola (D) hyperbola

Solution (A), |z+1-i| = |z-1+i|

= |z—(—1+i)| =|z—(1—i)|

= PA = PB, where A denotesthe point (-1, 1), B denotesthe point (1, —1) and P
denotes the point (X, y)

= zliesonthe perpendicular bisector of thelinejoiningA and B and perpendicular
bisector isastraight line.

Example 32 Number of solutions of the equation 2 + |z|2 =0is

(A) 1 (B) 2
< 3 (D) infinitely many
Solution (D), 22+ |z|2= 0,z# 0
= X -y +i2xy+ ¥ +y> =0
= 2 +i2xy=0 = 2x(x+iy)=0
= x=0 or x+iy=0(not possible)
Therefore,x=0and z #0
Soy can have any real value. Hence infinitely many solutions.

Example 33 The amplitude of sing +i (1—cos§) is
Ay = g & o = .1
A S (B) 2 © = ® 5

T
Solution (D), Herer cos 6 =sin [gjand rsin®=1-cos 5
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1_ COSE 23 n2 (1—TEOJ
Therefore, tan 6= 5_
sinE 29n i .COS Z
5 10 10
= tano = tan [ij'.e.,azl
10 10

5.3 EXERCISE |

Short Answer Type

n
1. For apositive integer n, find the value of (1 —i)" (1—_}]
[

13
2. Evauate 2,0"+"™)  where neN .
n=1

N3 N3
3 0f (ﬂJ —(ﬂ] = x +iy, then find (x, y).

1-i 1+i
1+i)?
4. If %=x+iy,thenfindthevalueofx+y.
1 .\ 100
5 1f (1—_'j = a+ib, then find (a, b).
+i
6. Ifa=cos6 +isind, find the value of F‘.
—a

7. If(1+i)z=(1-i) Z,thenshow thatz=-iZ.
8. Ifz=x+iy,thenshowthatzz+2(z+ Z) + b =0, wherebe R, represents
acircle.

9. If thereal part of z__+f is 4, then show that the locus of the point representing
Z —

zinthe complex planeisacircle.

Z T
10. Show that the complex number z, satisfying the condition arg [Z—ﬂj = Z lies

onacircle.
11. Solvetheequation |z|=z+ 1+ 2i.
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Long Answer Type

12.
13.

14.

15.

16.

17.
18.

19.

20.

21.
22.

23.

24.

If |z+1]=2z+2(1+1i), thenfindz.
Ifarg(z—1) =arg (z+ 3i), thenfind x—1:y. wherez=x + iy

z-2
Show that ‘E‘ = 2 represents a circle. Find its centre and radius.

If Z;i isapurely imaginary number (z # — 1), then find the value of |2].
Z+

z, and z, are two complex numbers such that |z|=|z,| and arg (z) + arg (z) =
7, then show that z = -7Z,.

-1
If |z|]=1(z#-1)and 2, =2—+1 , then show that the real part of z, is zero.

If z,, z, and z,, z, are two pairs of conjugate complex numbers, then find

4 2
ag | — |[+ag |2 |.
QEAJ g[%J
If |z|=|z| =...=|z,|=1. then

1 1 1 1
— =+ —=+.+—.

4 4L 4 A
If for complex numbers z and z,, arg (z,) — arg (z)) = 0, then show that

|2-z|=|z|-|z|
Solve the system of equations Re (Z) = 0, |Z|=2.

show that |z,+2,+2;+..4+ 2| =

Find the complex number satisfying the equationz+ /2 |z + 1)| +i=0.

Write the complex number z=1;I in polar form.

m .. T
cos—+isn—
3 3

If zand w are two complex numbers such that |2v{=1and arg (2 —arg (w) =

g,then show that Zw = —i.
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Objective Type Questions
25. Fill intheblanksof thefollowing

26.

(i)

(i)
(i)
(iv)
V)
(vi)
(vii)
(viii)
(ix)

(x)

For any two complex numbers z,z, and any real numbers a, b,

The value of “25x V=9iS .ccvvverrrrnnen.

@-iy’
1-i3

The number isequal to ...............

The sum of the seriesi +i2 + i*+ ... upto 1000 terms is ..........
Multiplicativeinverseof L +iis................

If z and z, are complex numbers such that z, + z, is a real number,
thenz, = ....

ag(@+agz (Z#0) iS.nne.

If |z+4 < 3, then the greatest and |east values of |2+:Ij ae....and .....

If

-2
—=£, then thelocus of zis............
z+2| 6

5n
If |4 =4andarg (2 = E,thenzz ............

State True or False for the following :

(i)
(i)

(i)
(iv)

(v)
(vi)

The order relation is defined on the set of complex numbers.

Multiplication of anon zero complex number by —i rotatesthe point about
originthrough aright anglein the anti-clockwise direction.

For any complex number zthe minimum value of |z| + |z—1] is1.
Thelocus represented by |z—1|=|z—i| isaline perpendicular to the join of
(1,0) and (0, 1).

If zisacomplex number such that z# Oand Re (z) =0, then Im (Z) = 0.

Theinequality |z—4|<|z-2| representsthe region given by x> 3.



94 EXEMPLAR PROBLEMS — MATHEMATICS

(vii) Let z and z, be two complex numbers such that |z +z,|=|z|+|z,|, then

(viii)

ag(z -z)=0.

2 isnot acomplex number.

27. Match the statements of Column A and Column B.

(a)

(b)

(c)

(d)

(e)

(f)

9
(h)

28. What isthe conjugate of

ColumnA

Thepolar formof i +4/3 is (i)

Theamplitudeof —1 ++/—3is (i)

If |z+29=|z- 7, then (iii)
locusof zis
If |z+2i|<|z-2i|, then (iv)
locusof zis
Region represented by (V)
|z+4i|=3is
Region represented by (vi)
|z+4<3 is
Conjugate of 11+—2| liesin (vii)

Reciprocal of 1—iliesin  (viii)
1-2i)?

29. If |z|=|z)], isit necessary that z = z?

(@+1°

30. If

2a—i

ColumnB

Perpendicular bisector of segment
joining (-2, 0) and (2, 0)

On or outsidethecircle having centre
at (0, —4) and radius 3.
2n

3

Perpendicular bisector of segment
joining (0, —2) and (0, 2).

m . . T
2| cos—+isin—
( 6 6)

On or inside the circle having centre
(=4, 0) and radius 3 units.

First quadrant

Third quadrant

=X +iy, what is the value of ¥ + y??
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5n
31. Findzif |z|:4andarg (2= e

Gl

32. Find
" 3+)

33. Find principal argument of (1 +i+/3)2.
-5
34. Wheredoeszlie, if ‘Z—‘ =1
z+5i
Choose the correct answer from the given four options indicated against each of the

Exercises from 35 to 50 (M.C.Q)
35. sinx+i cos2x and cos X —i sin 2x are conjugate to each other for:

1\n
A) xX=nm B) x=|n+=|—
(A) (B) ( 2)2
(C) x=0 (D) No value of x
. . 1l-idna . .
36. Therea value of o for which the expression ———— ispurely real is:
1+2isna
(A) (n+1)72‘— (B) (2n+1)%
(© nm (D) None of these, wheren eN

4
37. If z= x+iyliesinthethird quadrant, then 7 also liesin the third quadrant if

(A) x>y>0 (B) x<y<0

(©) y<x<0 (D) y>x>0
38. Thevaueof (z+ 3) (Z + 3) isequivaent to

(A) |z+3° (B) |z-3

(C) Z+3 (D) None of these

-\ X
39. If [ﬂ] =1, then
1-i
(A) x=2n+1 (B) x=4n

(C) x=2n (D) x=4n+1, whereneN
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40.

4].

42.

43.

44.

45.

46.

47.

EXEMPLAR PROBLEMS — MATHEMATICS

A real value of x satisfies the equation (3
+

:jzjz(x—iﬁ (a,peR)

if 02+ p%=

(A) 1 (B) -1 € 2 (D) -2
Which of the following is correct for any two complex numbers z and z,?
(A) |2z =|z|z] (B) ag(zz)=ag(z). ag(z,)
© |z+z|=|z|+z| (D) |z+2|>|z|-z)]

The point represented by the complex number 2—i isrotated about origin through

anangle > in the clockwise direction, the new position of pointis:

(A) 1+2i (B) -1-2i (C) 2+i (D) —-1+2i
Let x, y € R, then x +iyisanon real complex number if:

(A) x=0 (B) y=0 (© x=#0 (D) y=#0
Ifa+ib=c+id, then

(A) a*+c’=0 (B) b*+c*=0

(C) b*+#=0 (D) a?+b?=¢c +d?

The complex number z which satisfies the condition

i+z )
_—‘=1I|eson

(A) circlext+y?2=1 (B) thex-axis

(C) they-axis (D) thelinex+y=1.
If zisacomplex number, then

») |Z]>14° ® |7=14°

© [|7|<14° ©) |[Z2]214°
|z,+2,|=|z|+|z| ispossibleif

A =7Z B -2

(C) ag(z)=ag(z) (D) |z|=]z]
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1+icosO
48. Thereal value of 6 for which the expression —— isarea number is:
1-2icosO
T T
A) no+— B) nr+(-1)"—
(A) g (B) M-
© Zmig (D) none of these.
49. Thevalue of arg (x) whenx < 0is:
T
(A) 0 B 3
() (D) none of these
7—
50. 1 ()= 5 Zﬁ,wherez:1+2i,then|f(z)| is
Z
o 2 ® I
©) 24 (D) none of these.

————p> ¢



